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REGULARITY AND AUTOMORPHISM GROUPS OF
DESSINS D’ENFANTS WITH UNIFORM PASSPORTS

TATSUYA OHNISHI

ABSTRACT. For a smooth algebraic curve defined over a number field, one can associate
a bipartite graph known as a dessin d’enfant.

In this paper, we investigate the regularity and automorphism groups of dessins d’en-
fants with uniform passports, that is, those for which the valencies of black vertices,
white vertices, and faces are constant, and study how these properties depend on the
genus. Although uniformity imposes a high degree of symmetry, such dessins are not
necessarily regular.

Our main results are as follows: (1) A passport of the form [a?,b?, n] (the tree case)
admits a regular dessin if and only if ged(p,q) = 1. (2) Every passport of the form
[n, b, n] of genus at least 2 admits a dessin with a trivial automorphism group.

In addition, we obtain several results on uniform passports of genus 0 and 1. We also
establish two theorems on the enumeration of elements in symmetric groups, which are
useful for the study of automorphism groups of dessins.
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1. Introduction

1.1. Belyi’s Theorem and Dessins d’Enfants

Theorem 1.1 (Belyi’s Theorem). [Bel79][Bel02][JW16, Theorem 1.3] Let X be a compact
Riemann surface, that is, a smooth projective algebraic curve in the complex projective
space PN for some N. Then X can be defined over the field of algebraic numbers Q if
and only if there exists a non-constant meromorphic function 5: X — C (= CU{o0})
ramified over at most three points.

Everything begins with this striking and deep theorem. As a consequence of this result,
for any compact Riemann surface defined over a number field, one can choose a suitable
function f (called a Belyi function) such that all its critical values lie within three points.

By applying an appropriate Mobius transformation, these three points can be taken to
be 0, 1, and oo. For such a pair (X, ) (called a Belyi pair), one can draw a bipartite
graph called a dessin d’enfant (child’s drawing), or simply a dessin (see Definition 2.1).

The dessin for (X, 3) is drawn on an orientable surface of the same genus as X, where
the black vertices (¢) and white vertices (o) represent 571(0) and 571(1), respectively?.
The faces — that is, the connected components bounded by edges — correspond to
371(00), and the edges correspond to 371([0,1]). Each face is homeomorphic to a disk.

By studying the properties of dessins d’enfants, one can combine insights from algebraic
geometry and combinatorics, including graph theory, to enrich both areas of analysis. This
perspective also opens up a range of possibilities for further applications.

Two examples of dessins d’enfants are shown in Figure 1. In the left example, X = C
(of genus 0) and 8 = —2*(3z — 5)/(5z — 3), hence the dessin is drawn on a sphere. The
preimage 371(0) consists of the points 0, 5/3 with valencies 4 and 1, respectively; 571(1)
consists of the points 1, (=2 % /5i)/3 with valencies 3, 1, and 1; and ~'(co) consists of
the points 3/5, oo with valencies 1 and 4.

In the right example, X is the curve defined by z® + y*> = 2® (the Fermat curve of
degree 3 and genus 1) in P%, and 8 = 2°/2%. Let (3 denote a primitive cube root of
unity. This dessin has three faces corresponding to the points [1,—1,0], [1, —(3,0], and

[17 _Cgao]

FiGure 1. Examples of dessins d’enfants

The number of edges of a dessin coincides with the degree of the Belyi function. Note
that the degree of a Belyi function is defined as the number of points in the preimage
of a non-critical value; this does not necessarily coincide with the degree of § when it is
regarded as a rational function. In fact, in the right example above, the degree of the
Belyi function is 9, whereas the degree of § as a rational function is 3.

! Some references (such as [JW16]) represent 371(0) by white vertices and 8~1(1) by black vertices. In
this paper, we adopt the convention used in many classical references.
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Two dessins Z and 2, corresponding respectively to the Belyi pairs (X, 5) and (X', 8'),
are said to be isomorphic if there exists a homeomorphism ¢: X — X’ such that f'op = 5.
Equivalently, 2 and 2’ are isomorphic if there exists an orientation-preserving homeo-
morphism between X and X’ that induces an isomorphism of the embedded bipartite
graphs, preserving vertex colors and the cyclic order of incident edges at each vertex.

For a dessin d’enfant, one can define an action of the absolute Galois group G =
Gal(Q/Q) [JW16, 4.2.1]. Given a dessin & associated with a Belyf pair (X, ) and an
element o € G, we denote by (X7, 37) the pair obtained by the action of o on X and /.
We then denote by 27 the dessin corresponding to the Belyi pair (X7, 7).

Remark 1.2. The Belyi pair (X7, 37) is obtained as follows.
Suppose that a compact Riemann surface X is defined over a number field by polynomial
equations of the form

X:{[‘/I;Ov""xN] GPZCV | f1($07~-,IN):"':fm(Io,-~7$N):0},
fi € Q[Xo, ..., Xn].

For o0 € G and each polynomial f;, let f7 denote the polynomial obtained by applying
o to all coefficients of f;. We then define the curve obtained by the action of ¢ on X as

X7 = {[l‘o,...,l’N] € Pg | flg(.iﬂo,...,.fl?]\/') == f%(.l?o,...,ZUN) = O} (11)
Since o is an automorphism of C (with o(00) = 00), we have

[907-",QN] GXU

< [T W0, yn) == (%o, .., yn) =0

S o (T W yw)) = =0 (fr (o, yn)) =0

S (D7 (0 Wo)s o ) = = (f2)7 (07 (Wo), - 0 (yw)) =0
< filo (W) 0 yw)) = = ful0 T (W0), -0 (yw)) = 0

& [0 o), -0 yw) € X

& there exists [zg, ..., xzy] € X such that [yo,...,yn] = [0(z0),...,0(xN)]

< [yo, - yn] € {[o(@0), ..., o(@n)] | [0, ..., 2n] € X}
Therefore, an equivalent formulation of (1.1) is
X7 =A{[o(zo),...,0(xn)] | [0,...,2Nn] € X}.

Let 5 be a Belyi function on X. We define 7 in the same way as f7, namely by
applying o to all coefficients of 5. Since o(0) = 0, o(1) = 1, and o(c0) = oo for any
o € G, the map (7 is again a Belyi function on X°.

Therefore, for a Belyi pair (X, ), the pair (X7, 57) is also a Belyi pair.

In this way, one obtains an action of an element o € G on a dessin d’enfant . Although
2° has the same number of edges and the same passport (i.e. the same list of ramification
indices) as 2, the incidence relations between vertices may change. Consequently, 27
need not be isomorphic to Z as a dessin.

The action of G on the set of all dessins is faithful; that is, for any two distinct elements
of G, there exists a dessin whose images under these elements lie in distinct isomorphism
classes. Therefore, the study of Galois orbits of dessins provides a powerful tool for
investigating the structure of the absolute Galois group.
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1.2. Regularity and Automorphism Groups

Two fundamental invariants (up to isomorphism) of a dessin d’enfant with respect to the
Galois action are its regularity and its automorphism group. A dessin is said to be regular
if its monodromy group (see Definition 2.6) acts regularly (that is, freely and transitively)
on the set of edges. From a geometric point of view, the automorphism group of a dessin
is the group of deck transformations of the associated Belyi covering. Equivalently, it can
be identified with the centralizer of the monodromy group in the symmetric group acting
on the edges.

By studying regularity and automorphism groups, one can gain insight into the symme-
try properties of a dessin d’enfant. The order of the automorphism group always divides
the number of edges of the dessin, and the equality of these two numbers is equivalent
to the dessin being regular. Thus, the structure of the automorphism group provides a
precise measure of the symmetry exhibited by the dessin.

Figure 2 shows two dessins with the same passport; that is, they have the same valency
list: each has 8 edges, two black vertices of valency 4, four white vertices of valency 2,
and two faces of valency 4. Although both dessins may appear highly symmetric at first
glance, the left dessin is regular, whereas the right one is not. The automorphism group
of the left dessin has order 8, while that of the right dessin has order 4.

x=(123405678),y=>15263B 748 x=(1234)(5678),y=(3)25)47)68)
G=2Aut =C,xC, G2 (CyXCY NG, At = C, X C,

FIGURE 2. Regular and non-regular dessins with the same passport

Thus, regularity and automorphism groups may differ among dessins with the same
passport. However, they are invariant under the action of the absolute Galois group.
They therefore play an essential role in the study of families of dessins lying in the same
Galois orbit.

Furthermore, regularity and automorphism groups have a significant impact on the
relationship between the field of moduli and the field of definition.

For a dessin d’enfant & corresponding to a Belyi pair (X, ), the field of moduli M () is
defined as the fixed field of the subgroup G(2) ={oc € G | 72 = 27} < G. That is, M(2)
is the subfield of Q consisting of those elements that are fixed by every automorphism o
for which the conjugate dessin 27 is isomorphic to Z.

A number field K is called a field of definition of & if both X and 5 can be defined
over K. Unlike the field of moduli, a field of definition of & is in general not unique, and
there need not exist a smallest field of definition.

The field of moduli depends only on the isomorphism class of ¥ and is contained in
any field of definition of . For most dessins d’enfants, the field of moduli is also a field
of definition; that is, X and § can be defined over M(2). However, this is not always the
case. In such situations, there is no field of definition of 2 that is fixed by all o € G(2).

In the study of dessins d’enfants, the relationship between the field of moduli and fields
of definition is strongly influenced by both the genus and the combinatorial structure
of the dessin. If a dessin has a trivial automorphism group, then its field of moduli is
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necessarily a field of definition, independently of the genus or the passport. This follows
from rigidity of descent, which forces the associated Weil cocycle to be trivial.

The same conclusion holds for regular dessins, that is, for dessins whose associated
Belyi functions are Galois coverings. In this case, the large symmetry encoded in the
automorphism group allows the descent data to be normalized, so that the dessin descends
to its field of moduli. Consequently, regular dessins do not give rise to genuine descent
obstructions.

By contrast, when a dessin has a nontrivial automorphism group but is not regular,
the behavior of the field of moduli becomes more subtle. As shown by Cueto [Cuel4], in
this intermediate situation the field of moduli need not be a field of definition. From a
cohomological viewpoint, the obstruction to descent is measured by a Weil cocycle with
values in the automorphism group, and explicit examples arise precisely when this cocycle
represents a nontrivial class.

In this paper, we develop methods for analyzing how regular dessins and dessins with
trivial automorphism groups are distributed as the genus varies. These results contribute
to a deeper understanding of the relationship between the field of moduli and the field of
definition.

1.3. Uniform Passports and Dessins

A dessin d’enfant is said to be uniform if the valencies of black vertices, white vertices,
and faces are each constant. One also says that it has a uniform passport (or uniform
valency list).

Uniform dessins exhibit a high degree of symmetry. However, while every regular dessin
is uniform, the converse does not hold: a uniform dessin need not be regular. In other
words, uniformity does not represent the highest possible level of symmetry.

As an example, consider uniform passports [a?, b?, ¢"|, where n = pa = bg = rec, and
suppose that n = 6. By symmetry among black vertices, white vertices, and faces, we
may assume ¢ > a > b (equivalently, r < p < ¢q).

In genus 0, the uniform passports are [6, 1°, 6] and [23, 23 3%]. The corresponding dessins
are shown in Figure 3. In both cases, the dessins are regular.

[6,16, 6] [23,23,32]
F1GURE 3. Uniform dessins d’enfants of genus 0, degree 6

In genus 1, the uniform passports are [3% 23 6] and [3?,32,3?], and the corresponding
dessins are shown in Figure 4. The dessin on the left is regular, whereas the one on the
right is not. The automorphism group of the right-hand dessin has order 2, which is
strictly smaller than 6.

For genus at least 2, the only uniform passport is [6, 3%, 6], which has genus 2. There
are four dessins with this passport, shown in Figure 5. The orders of their automorphism
groups are 6, 3, 2, and 1, respectively, from the upper left to the lower right. Only the
upper-left dessin is regular; the others are non-regular, and the lower-right dessin has a
trivial automorphism group.
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[32’231 6] [32’32’ 32]

FIGURE 4. Uniform dessins d’enfants of genus 1, degree 6

F1GURE 5. Uniform dessins d’enfants of genus 2, degree 6

1.4. Related Work

The study of regularity and automorphism groups of dessins d’enfants has been ap-
proached from several complementary perspectives, including group-theoretic construc-
tions, topological realization results, and arithmetic considerations, particularly in the
presence of uniform or highly symmetric combinatorial data. We briefly recall some rele-
vant results in these directions.

Jones [Jonl4] shows how, for a finite group G, regular dessins with automorphism
group G can be enumerated, represented as quotients of a single regular dessin U(G), and
analyzed under the action of certain hypermap operations. Examples for several classes
of groups, such as the cyclic group C,, the dihedral group D,,, the symmetric group 5,
the alternating group A,, and certain non-abelian finite simple groups, are provided.

Complementarily, Hidalgo [Hid19] proves that for every possible action of a finite group
G by orientation-preserving homeomorphisms on a closed orientable surface of genus g >
2, there exists a dessin whose automorphism group is isomorphic to G' and which realizes
the corresponding topological action of G.

Girondo, Torres-Teigell, and Wolfart [GTTW14] investigate the arithmetic and moduli-
theoretic properties of uniform dessins on quasiplatonic surfaces, that is, curves admitting
a regular dessin. In the arithmetic quasiplatonic setting they consider, they show that
the field of moduli of a quasiplatonic curve is remarkably stable: not only does the curve
itself descend to its field of moduli, but the same field also serves as the field of moduli
for all uniform non-regular dessins arising from non-normal inclusions of triangle groups
on that curve. Moreover, under mild additional geometric conditions, these dessins can
in fact be defined over this field.

Horie [Hor24] studies the enumeration of equivalence classes of dessins whose auto-
morphism groups have a prescribed order r. The focus is on dessins with two vertices,
which necessarily have passports (valency lists) of the form [n!, n!, \] with A F n. Explicit
enumeration formulas are obtained for two cases: (1) dessins with L faces, that is, with
I(A) = L; and (2) dessins with h faces of degree 2.
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Taken together, these works demonstrate that regular dessins and their automorphism
groups are highly constrained and well understood from both group-theoretic and topolog-
ical viewpoints, while uniformity alone does not control regularity, descent, or symmetry.

1.5. Purpose and Main Results

By computing automorphism groups of uniform dessins d’enfants and examining their
regularity, one observes a tendency for the proportion of regular dessins to decrease as
the genus increases.

This naturally leads to the following questions:

For a given uniform passport,

e Under what conditions do regular dessins d’enfants exist, and how many are there?
e How are the automorphism groups distributed?
e How does this distribution change with the genus?

In response to these questions, we expect the situation to be as summarized in Table 1,
where n denotes the number of edges of the dessin.

Genus Aut 2 = {1} | 1 < [Aut Z| < n | |Aut Z| = n (regular)
0 — M — M v D
1 (with an (n)-cycle) - ® - @ v ®
1 (without an (n)-cycle) - ® v® o
> 2 (with > 2 (n)-cycles) v o v ®
> 2 (with <1 (n)-cycle) vE v o
v': always occurs, —: never occurs, <¢: depends on the passport.

TABLE 1. Distribution of automorphism groups for uniform passports

Asterisks (*) indicate statements that are conjectural at the present stage. The numbers
in parentheses refer to the corresponding items listed below.

(1) Genus 0: all uniform dessins are regular and have automorphism groups of order n,
isomorphic to their monodromy groups.

(2) Genus 1: a uniform passport admits a non-regular dessin if and only if it does not
contain an element of type n! (that is, it does not correspond to a tree).

(3) Genus 1: no uniform passport admits a dessin with a trivial automorphism group.

(4) Genus > 2: every uniform passport admits a dessin with a trivial automorphism
group, and hence admits a non-regular dessin. Moreover, if the passport contains at
most one cycle of type (n), then it also admits a non-regular dessin with a nontrivial
automorphism group.

(5) Any genus: a passport of the form [a?, b9, n|, or any permutation thereof in the tree
case, admits a regular dessin if and only if ged(p, ¢) = 1.

The main contribution of this paper is to provide proofs, in the following form, for
statement (5) and for certain cases of statement (4).

Theorem 6.1. For a uniform passport [a?,b%,n| (p,q > 1), there exists a reqular dessin
d’enfant with this passport if and only if ged(p,q) = 1.
The same statement holds for the passports [a?,n,b?| and [n,a?, b9].

Theorem 7.6. If a uniform passport [n,b%,n| (¢ > 1) has genus at least 2, then it admits
a dessin d’enfant with a trivial automorphism group.
The same statement holds for the passports [b,n,n] and [n,n, b?].
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For the proof of Theorem 7.6, we make use of the relationship between the primitivity
of the monodromy group of a dessin and the triviality of its automorphism group. This
approach is useful for investigating the distribution of dessins with low symmetry.

From the perspective of the field of moduli and the field of definition, the above results
broaden the range of cases in which the field of moduli can be shown to be a field of
definition. At the same time, they help to narrow down and identify the cases in which
this coincidence fails.

In addition, we provide proofs of (1) (Proposition 4.1), (2) (Proposition 5.1), and
(3) (Proposition 5.2), as well as a proposition concerning regularity based on properties
of abstract groups (Proposition 6.3). Although the proofs of these propositions are
straightforward, we could not find them explicitly stated in the literature. For complete-
ness, we therefore provide proofs here.

We also establish the following two theorems concerning enumeration in symmetric
groups, which are needed to determine the distribution of dessins with trivial automor-
phism group.

In the following theorem, let T'(b,q) denote the number of permutations in the sym-
metric group S,, with cycle type (b7), and let N (b, q) denote the number of permutations
y € S, of cycle type (b7) such that zy has cycle type (n).

Theorem 3.3. Let n > 3 be an integer such that n = bq, with b > 2, and assume that
n=gq (mod2). Fizex=(12 ... n)€S,. Then

Nb.g) 2
T(b,q) ~n+2

In particular, the inequality becomes an equality when b = 2.

Theorem 3.5. Fizx = (12 ... n) € S,. Among the elements y € S, of cycle type
(b9), the number of those for which G = (x,y) becomes an imprimitive group with respect
to residue classes modulo m (m | n, 2 <m < n) is given by

Im(b:0) = bq<< )) ZHdt’t'

{(di ti)

t;

diq
m

' Y

where the summation on the right-hand side is taken over all partitions {(d;,t;)} of m
satisfying

Zditi =m, d; are all distinct, d; | b, m | d;q for all i.

For future work, two directions remain. First, to establish the conjectural statements
summarized in Table 1. This includes, in particular, proving the existence of dessins with
trivial automorphism groups for other uniform passports of genus at least 2. Second, to
obtain more quantitative results on regularity and automorphism groups in general.
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2. Preliminaries

The definitions and results in this chapter are based primarily on [JW16] and [APZ20].

Definition 2.1 (Dessin d’enfant). [JW16, Definition 2] A dessin d’enfant, or simply a
dessin, is a map consisting of a connected, finite, bipartite graph embedded in a connected,
compact, oriented surface without boundary. Here, a bipartite graph is a graph whose
vertices can be colored black and white in such a way that each edge joins a black vertex
to a white vertex.

Since a compact Riemann surface provides a suitable surface on which a dessin d’enfant
can be embedded, one can draw a dessin corresponding to a Belyi pair (X, 3), as described
in Section 1.1.

There is another convention for dessins d’enfants. In this “tripartite” convention, the
points of $71(00) are represented by red vertices instead of faces, and the edges correspond
to the preimages of the intervals [0, 1], [c0, 0], and [1, 0c]. Each face is homeomorphic to
a disk and is incident to three edges.

Figure 6 shows the tripartite and bipartite graphs corresponding to the left example in
Figure 1 (gray vertices are used instead of red).

FIGURE 6. An example of a dessin d’enfant in the tripartite and bipartite conventions

At first glance, the bipartite graph may appear to contain less information; however,
under the defining properties of a Belyl function, the following proposition establishes the
equivalence of the two conventions.

Proposition 2.2. For a Belyi function (3, the following two types of dessins d’enfants are
in one-to-one correspondence.

(1) The dessin in which the points of 371(0), f71(1), and B7'(c0) are represented by
black, white, and red vertices, respectively, and the preimages 371([0,1]), 37([o0,0]),
and $71([1,00]) are represented by edges.

(2) The dessin obtained from (1) by deleting the red vertices together with the edges
incident to them, and by regarding the faces as the preimage 3~'(oc0); as a result,
the edges represent 371([0,1]).

Proof. The correspondence from (1) to (2) is straightforward: the dessin in (2) is ob-
tained by simply deleting the red vertices together with the edges incident to them, which
correspond to 37!([oo,0]) and S7([1, o0]).

Conversely, consider a dessin drawn according to convention (2). Take one of its faces
F, and let v denote the number of black and white vertices incident to F', e; the number
of edges contained only in F', and e; the number of edges shared with other faces. Then
F has v vertices, e; + ey edges, and consists of exactly one face.
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On C, if we regard 0, 1, and oo as vertices and [0, 1], [00, 0], and [1, 0o] as edges, then C
is subdivided into two triangles. Since the Belyi function ( is a non-constant meromorphic
function, the pullback under g preserves this triangulation. Therefore, a dessin according
to convention (1) consists of triangles, and each triangle has one black vertex, one white
vertex, and one red vertex.

When the above face F' is drawn according to convention (1), let r denote the number
of red vertices. In this case, F' has v + r vertices.

By triangulation, each of the e; edges gives rise to two triangles, since both sides of
each such edge lie inside F'; hence four edges are added to connect it to red vertices. On
the other hand, each of the ey edges gives rise to one triangle in F', and two edges are
added.

Since each edge is shared by two triangles, the total number of edges in F' is

de; + 2e
61+€2+%:3€1+262.

Since two triangles are created for each of the e; edges and one triangle for each of the e,
edges, the total number of faces in F' is 2e; + es.

The Euler characteristic (number of vertices + number of faces — number of edges) of
F' is invariant under triangulation. Hence we have

v+1—(e1+e) = (v+7)+ (2e1 +e2) — (3e1 + 2e3),

which implies that » = 1.

Therefore, F' always has exactly one red vertex. Consequently, a dessin drawn according
to convention (2) corresponds uniquely to a dessin drawn according to convention (1), with
each face regarded as a point of 571(00). O

In what follows, we adopt the bipartite convention, which involves fewer vertices and
edges.

A partition X of a positive integer n, denoted by A - n, is a multiset of positive integers
whose sum is n, where the order of the parts is irrelevant.

Definition 2.3 (Passport of a dessin). [APZ20, Definition 2.10] Let n be the number
of edges of a dessin d’enfant. The triple [Ag, A1, Ao] Of partitions g, A\, Aoo = n, which
correspond respectively to the valencies of the black vertices (871(0)), the white vertices
(671(1)), and the faces (87!(c0)) of the dessin, is called a passport of the dessin.

The dessins in Figure 1 have passports [41,311,41] and [33,33, 33], respectively. Here
the symbols 41, 311, and 3% denote the partitions (4,1), (3,1, 1), and (3, 3, 3), respectively.
Since Ag, A1, Ao are partitions of n, we have

Aol = M| = Ac| = m, (2.1)

where |A| denotes the sum of the parts of the partition A.

The numbers of vertices, faces, and edges are [(A\g) + (A1), [(Ax), and n, respectively,
where [(\) denotes the number of parts of the partition A. Therefore, the genus g of the
underlying curve X satisfies

I(Ao) +1(A) +1(Aso) = =2 —2g,
and hence
n— (I(Ao) + (A1) £ 1(Ax))
2
Since g is a non-negative integer, it follows that

+ 1.

g:
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Io) +1A1) +100e0) 42, 1(Xo) +1(A) + (M) = 1 (mod 2). (2.2)

Note that not every triple of partitions satisfying (2.1) and (2.2) necessarily corresponds
to a dessin d’enfant. For example, although [22, 22, 31] formally satisfies these conditions
and would yield genus 0, there exists no dessin with this passport. Similarly, the passport
(32,32, 42], which would correspond to genus 1, admits no dessin.

These facts can be proved by showing that there exists no corresponding monodromy
group (see Definition 2.6) in each case.

Definition 2.4 (Uniform passports and dessins). [JW16, Remark 3.2] The passport of a
dessin d’enfant given by [Ao, A1, Aeo] = [a1 -+ - ay, by---by, c1---¢,] is called uniform if
alz...:ap’ blz...:bq’ Clz"':CTp

i.e. if the passport takes the form [a?, b7, ¢"].
A dessin d’enfant is called uniform if it has a uniform passport.

For a uniform passport [a?,b?,¢"] with n = pa = ¢b = rc and the genus g of the
underlying curve X corresponding to a dessin with this passport, by (2.1) we have
p+qg+r—n=2-—2g, (2.3)
and hence
n—(p+q+r)

g = 5 + 1. (2.4)

Proposition 2.5. For each g > 2, there are only finitely many uniform passports of
genus g, and the mazimum degree is 84(g — 1).

Proof. It follows from (2.3) that
p+q+r=n—2g—1).

Since n = pa = qb = rc, we obtain

n o n n
—+—-4+—-—=n—-2(g—1).
—h o =n=-2g-1)
When ¢ > 2, this implies
1 1 1 2(g—1
Lyl 2= (2.5)
a b ¢ n

Since this expression is symmetric in a, b, and ¢, we may assume a < b < ¢ (and hence
p > q > r) when discussing the finiteness of passports for fixed genus g and an upper
bound for the degree n. Under this assumption, we obtain

< 1, hence a > 2,

1 1
< -+ - <1, hence b > 3.
a b

Let a=1—(1/a+1/b+1/c). Then 0 < a < 1, and from (2.5),

n:%%iﬂ. (2.6)

SN |

Hence, with ¢ fixed, n is decreasing in a.

(i) When a = 2 and b = 3.
In this case,
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(L L,y
“= 27 37¢) "6 ¢

Since o > 0, we have ¢ > 7. Therefore,

Jlo1
C=6T T ®
By (2.6) we obtain
2(9—1)
< =~ =84(g—1

and equality is attained when ¢ = 7.

(ii) When a = 2 and b > 4.
In this case, we have ¢ > 4 since ¢ > b. However, the case b = ¢ = 4 is excluded since
(a,b,c) = (2,4,4) does not satisfy (2.5). Hence we have ¢ > 5, and therefore,

AU WA
=217 5) T w
By (2.6) we obtain

ng%zém(g—l).

(iii) When a > 3.
In this case, we have b,c > 3 since b,c > a. However, a = b = ¢ = 3 is excluded since
(a,b,c) = (3,3,3) does not satisfy (2.5). Hence we have ¢ > 4, and thus

51 1+1+1 1
a —=+z+-|=—.
- 3 3 4 12

2(g — 1)
S iD

From cases (i)—(iii), we conclude that for any fixed genus g > 2, the maximum possible
value of n is 84(¢g — 1). This bound is attained when (a,b,c) = (2,3,7).

Therefore, there are finitely many values of n for each g. Since a, b, and ¢ divide n,
there are only finitely many possible choices for each of them for a given n. Hence, for
each genus g > 2, there exist only finitely many uniform passports. ([l

By (2.6) we obtain

=24(g —1).

Definition 2.6 (Monodromy group of a dessin d’enfant). [JW16, 2.1.1] Define two per-
mutations = and y acting on the set of edges E of a dessin d’enfant & as follows. For
each edge e € F, define - e and y - e to be the next edges around the unique black vertex
and the unique white vertex incident to e, respectively, following the counterclockwise
orientation.

The monodromy group of & is the subgroup G = (x,y) generated by x and y in the
symmetric group Sym(FE) of all permutations of E.

Since a dessin d’enfant is connected, it follows that any edge in £ can be mapped to
any other edge by the action of G. Therefore, the monodromy group G acts transitively
on E.

Remark 2.7. Throughout this paper, permutations act on the left, and products are com-
posed from right to left, i.e. (zy)-e=x - (y-e) for an edge e.
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Another important observation concerning the monodromy group is that, in addition to
x and y encoding the cycles of the black and white vertices, respectively, the permutation
z = (xy)~! encodes the cycles corresponding to the faces. In fact, for each face, half of
the edges incident to it form a cycle of z, while the remaining edges belong to cycles of z
corresponding to the neighboring faces.

It is known that if a group G generated by two elements acts transitively on a set of
edges E, then there exists a dessin d’enfant whose monodromy group is isomorphic to
([Sco24, Theorem 3.6].

Therefore, studying groups that act transitively is essential for investigating the prop-
erties of dessins d’enfants and, consequently, of algebraic curves.

Definition 2.8 (Regular dessins). [JW16, 2.1.2] A dessin d’enfant is called regular if its
monodromy group acts freely (that is, semiregularly) on the set of its edges.

This implies that the monodromy group of a regular dessin acts freely and transitively
— hence regularly — on its edges.

Lemma 2.9. Let an (abstract) group G act on E = {1,...,n}. If any two of the following
conditions are satisfied, the remaining one is also satisfied:

e (G acts transitively on E
e (G acts freely on K
e |Gl=n

Proof. When G acts transitively on E, for any e € F and any €’ € E, there exists at least
one element of G sending e to €/, and hence |G| > n. When G acts freely on E, for any
e,€’ € E, there is at most one element of G sending e to €/, hence |G| < n. Therefore, if
both conditions hold, we have |G| = n.

When G acts transitively on £ and |G| = n, for any e,e’ € E there is exactly one
element of G sending e to €/, and hence G acts freely on E.

Conversely, when G acts freely on E and |G| = n, the images of any e € E under the
elements of G are all distinct and exhaust E. Therefore, G acts transitively on F. O

Although we are not aware of a reference in which the following lemma is proved
explicitly, the proof is straightforward.

Lemma 2.10. A dessin d’enfant with n edges is reqular if and only if the order of its
monodromy group s n.

Proof. Let & be a dessin d’enfant with n edges. Denote the set of edges by F and the
monodromy group by G.

If 7 is regular, then G acts transitively and freely on E, and hence |G| = n by
Lemma 2.9.

Conversely, if |G| = n, then since G acts transitively on F, it also acts freely on E by
Lemma 2.9. Therefore, & is regular. U

Definition 2.11 (Automorphism group of a dessin d’enfant). [JW16, 2.1.2] For a dessin
d’enfant &, we define its automorphism to be a permutation of the set E of & which
preserves the cyclic order of edges around each vertex, that is, which commutes with z
and y, or equivalently, commutes with G. Thus we can define an automorphism group of
G as the centralizer:

Aut 7 = Csym(p)(G) = {c € Sym(E) | cg = gc for all g € G}
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= {c € Sym(F) | cx = xzc, cy = yc}.
When Aut 2 = {1}, it is said that & has a trivial automorphism group.

Since (z,y) = (z,2) = (y,2), where z = (xy)~', both the monodromy group and the
automorphism group are invariant under any permutation of black vertices, white vertices,
and faces.

Proposition 2.12. Let & be a dessin d’enfant with edge set E, monodromy group G, and
automorphism group Aut 2. Then the following statements hold.

(1) Aut Z acts freely on E.
(2) |Aut 2| divides |E|.
(8) Aut @ acts transitively on E if and only if 9 is reqular.

Proof.
(1) Let ¢ € Aut Z and e € E, and suppose that ¢-e =e. Let ¢/ € E be arbitrary.
Since GG acts transitively on F, there exists an element g € G such that ¢/ = g-e. Then

C.e’:c.(g.e):(Cg).e:(gc).e:g.(c.e>:g.6:@/.
Since €’ € E was arbitrary, it follows that ¢ fixes every element of E. Hence c¢ is the
identity element in Sym(FE).
Consequently,

forallce AutZ ande€e E, c-e=e= c=id,
which shows that Aut & acts freely on F.

(2) By (1), Aut Z acts freely on E. Therefore, for any e € E, its orbit satisfies |Aut Z-e| =
|Aut 2.

Since E decomposes as a disjoint union of Aut Z-orbits, there exist elements ey, ..., e, €
E such that

k
E = HAut@ - €.
i=1

Taking cardinalities, we obtain |E| = k |Aut Z|. Hence |Aut 2| divides |E|, as claimed.

(3) Assume that Aut Z acts transitively on E. Let C' := Cgym(g)(Aut 2) be the centralizer
of Aut Z in Sym(FE). By replacing G, Aut Z in (1) with Aut 2, C, respectively, we see
that C' acts freely on E. Since every element of G commutes with every element of Aut Z,
we have G C C. Hence G acts freely on E, and therefore & is regular.

Conversely, assume that & is regular, and fix an arbitrary edge ey € E. Since G acts
freely and transitively on E, for any ¢’ € F there exists a unique element g € G such that
g-eq=¢€'. For each e € F, we define a map ¢.: £ — E by setting

we(e) =g -e, (2.7)
where g € (G is the unique element satisfying g - e = €’.

Since the action of G is free, the element g is uniquely determined by €', and hence g - e
is uniquely determined by €’ for each fixed e. Therefore . is a bijection of E, and hence
e € Sym(E).

Take arbitrary elements ¢’ € G and ¢’ € E. As above, we can write ¢/ = g - eg for some
g € G. Then

©e(g' €)= we(g' - (9-€0)) = @e((d'g) - e0) = (g'g) - e.
On the other hand,



REGULARITY AND AUTOMORPHISM GROUPS OF DESSINS WITH UNIFORM PASSPORTS 15

g pele) =g pelg-e) =g (g-€)=(dg) e
Hence, for each ¢’ € E, the action of ¢, commutes with that of ¢’. Since €’ is arbitrary,
this implies that, as elements of Sym(E), ¢. ¢ = ¢'p.. Because ¢’ was arbitrary in G, we
conclude that . lies in the centralizer of GG, that is, . € Aut Z.
By definition of ¢., we have p.(eg) = e. Thus, for any ey, e € E, there exists an element
e € Aut Z such that ¢.(eg) = e. Therefore, Aut Z acts transitively on FE. O

The following proposition is a basic result describing the relationship between regularity
and automorphism groups.

Proposition 2.13. A dessin d’enfant & is reqular if and only if its monodromy group G
is isomorphic to Aut 4.

Proof. Assume that & is regular, and let n be the number of edges. Since the monodromy
group G acts freely and transitively on E, it follows from Lemma 2.9 that |G| = n.
By Proposition 2.12 (1) and (3), the automorphism group Aut Z also acts freely and
transitively on E. Hence, again by Lemma 2.9, |Aut 2| = n. Therefore |Aut 2| = |G]|.

As explained in Proposition 2.12 (3), once we fix an edge ey € E, the maps ¢, for
e € F defined in (2.7) can be regarded as elements of Aut 2. We now define a map
p: G — Aut Z by

p(g) = @4-1¢ (g€G).
More explicitly, for each ¢’ € E, choose ¢’ € G such that ¢’ - ey = €/, and define

Po1e(€) =g (97" - e0) = (g'g7") - e,
then we set p(g) = @g-1.¢,-

This defines a map p: G — Aut &, which will be used to identify G and Aut Z in the
regular case.

Since the action of G on E is free, the element (¢’g™!) - ey depends on g and is distinct
for different g. Hence the element p(g) = @4-1.¢, is distinct for each g € G. In other
words, p is injective. Together with |Aut 2| = |G|, this implies that p is bijective.

Now let g,h € G and €' € E. Choose ¢’ € G such that ¢’ - eg = €/. Then

p(g) 0 p(h)(€) = ©g1.co(Ph-1.co(€")) = Pg1o((g'R7") - €0). = (¢'h 7' g ™) - eo.
On the other hand,

p(gh)(€) = @gny-1e0(€') = (g'(gh) ") o = (g'h " g7") - eo.

Comparing this with the previous computation, we obtain

p(g) o p(h) = p(gh) for all g,h € G.

Hence p is a group homomorphism. Since p is bijective, it follows that p is an isomorphism.
Therefore, Aut 2 = G.

Conversely, suppose that Aut 2 = G. Then |G| = |Aut Z|. Let n = |E)|.

By Proposition 2.12 (1), the group Aut Z acts freely on E. Hence, for any e € E, the
size of the Aut Z-orbit of e satisfies

|Aut 7 - e| = |Aut 7| < n.

Therefore, |G| < n.

On the other hand, the monodromy group G acts transitively on E, and thus |G| > n.
Consequently, we have |G| = n.

By Lemma 2.9, it follows that G acts freely on E. Hence the dessin Z is regular. [
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A proof can also be found in [JW16, Theorem 2.1].
Note that regularity does not imply G = Aut Z; these groups act on the edges of the
dessin in different ways.

Corollary 2.14. Let 9 be a dessin d’enfant with edge set E, number of edges n = |E|,
monodromy group G, and automorphism group Aut &. Then the following conditions are
equivalent:

(1) D is regular.
(2) G acts freely on E.
(8) Aut Z acts transitively on E.

(4) |G| =n.

(5) |Aut 2| = n.

(6) G=Aut 2.
Proof.

2): This follows directly from Definition 2.8.
3): This is a consequence of Proposition 2.12 (3).
4): Since the monodromy group G acts transitively on E, the claim follows from

(1) & (
(1) & (
(2) & (

Lemma 2.9.
(3) < (5): This follows from Proposition 2.12 (1) together with Lemma 2.9.
(1) < (6): This is a consequence of Proposition 2.13. O

Proposition 2.15. If a dessin d’enfant is reqular, then it has a uniform passport.

Proof. A proof can be found in [GGD12, Proposition 4.42]. For the reader’s convenience,
we include another proof.

We prove the contrapositive. Suppose that the dessin Z is not uniform. Then Z has
either two black vertices, two white vertices, or two faces whose valencies are different.

Since regularity is symmetric with respect to black vertices, white vertices, and faces,
we may assume without loss of generality that these are black vertices. Let these vertices
be A and B, and let their valencies be [ and m, with [ < m.

Under !, all the edges around A are mapped to themselves, whereas the edges around
B are mapped to distinct edges. Hence 2! # id, and there exist at least two distinct
elements of GG that fix the edges around A. Therefore, G does not act freely on E, and &
is not regular. 0

The converse of this proposition does not hold in general. This shows that regularity
exhibits a higher degree of symmetry than uniformity. This fact is one of the main topics
of this paper.

Example 2.16. The uniform passport [42,2%,4?] (genus 1) corresponds to the two dessins
shown in Section 1.2, Figure 2. The dessin on the left is regular, and both its monodromy
group and its automorphism group are isomorphic to Cy x Cy, the direct product of cyclic
groups of orders 4 and 2, respectively. In contrast, the dessin on the right is not regular;
its monodromy group is isomorphic to (Cy x Cs) x Cy and has order 16, whereas its
automorphism group has order 4 and is isomorphic to Cy x Cs.

We also recall the notions of primitive and imprimitive groups, which will play a role
in investigating when a dessin has a trivial automorphism group.
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Definition 2.17 (Block in a group action). [DM96, 1.5] Let G be a group acting tran-
sitively on a set E. A nonempty subset S of E is called a block for G if for each g € G
either g-S=Sor (g-S)N S =40.

Every group acting transitively on E has F and the singletons {e} (e € E) as blocks.
these are called trivial blocks. Any other block is called nontrivial.

In other words, a block is a subset that is always moved as a whole under the action of

G.

Definition 2.18 (Primitive and imprimitive groups). [DM96, 1.5] Let G be a group
which acts transitively on a set E. G is called primitive if it has no nontrivial blocks on
E; otherwise G is called imprimitive.

3. Estimates for the Symmetric Group

In order to investigate the behavior of automorphism groups in genus at least 2 (see
Section 7), we need to obtain estimates for the number of permutations in the symmetric
group S,. In this section, we prove two theorems (Theorems 3.3 and 3.5) that provide
lower and upper bounds for quantities related to monodromy groups.

3.1. Elements of Cycle Type (b%)

Let x = (12 ... n) € S, and assume that n = bq, where b,q € Z~o. We define the
following subsets of S,,:

e T(b,q): the set of permutations in S, with cycle type (b?), that is, permutations
consisting of ¢ disjoint cycles of length b;

e N(b,q): the set of elements y € T'(b, q) such that zy has cycle type (n);

e [(b,q): the set of elements y € T'(b, q) such that G = (x,y) is imprimitive.

Note that the condition y € T'(b, q) with zy of cycle type (n) is equivalent to requiring
that z = (zy)~! has cycle type (n), since xy and (xy)~! have the same cycle type.

In addition, for a divisor m of n with 2 < m < n, let I,,(b,q) denote the subset of
I(b,q) consisting of those elements y for which G = (x,y) is imprimitive with respect
to the partition of {1,...,n} into residue classes modulo m; that is, the residue classes
modulo m form a system of blocks for G.

Hereafter, we use the same notation to denote the number of elements in a set (for
example, the number of elements of T'(b, ¢) is denoted by the function 7'(b, q)).

Proposition 3.1. The number of elements in S, of cycle type (b7) (n = bq) is given by
T(b,q)

n!

Proof. 1f we write an element of cycle type (b?) as

(ar...ap)(@pgr - agw) - (Ag—1)p+1 - - - Ogp),
then there are n! possible arrangements of these numbers. Among them, the following
duplications occur as permutations:

e the b7 arrangements of elements within the ¢ cycles of length b,
e the ¢! arrangements of the ¢ cycles themselves.

Hence, we obtain T'(b, q) = n!/(b%q!). O
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3.2. Lower Bound for N /T

A useful tool for computing the values of N(b,q)/T(b,q) is the following theorem from
[GS98].

Theorem 3.2. Let A = (Ay,...,N) and = (..., tm) be partitions of n. Define the
genus associated with the pair (X, p) by

n—(+m)+1
9= 9 )

and assume that g € Z>y.
Let ¢, denote the number of solutions (0,p) € Cy x C, to the equation op = m, where
T is a fived n-cycle in Sy,. Then c¥, is given by

l m
Gt X e meze- 0t XTI )T, )
ZAZMZ ! 91,92>0 (i1,501)Fg1 k=1 20 1 k=1 21
g1+g2=g (J1-dm)Fg2

Here p E n denotes a composition of n, that is, a finite sequence of non-negative integers
summing to n, where the order of the terms matters. We adopt the convention that (Z) =0
if b> a.

Moreover, for a partition A = 1% --.n

define zy = [ [, cu!i.

Proof. See [GS98, Theorem 2.1]. O

Qn

, where «; denotes the multiplicity of i, we

Using this theorem, we establish a lower bound for N(b,q)/T'(b,q).
Theorem 3.3. Let n > 3 be an integer such that n = bq, with b > 2, and assume that
n=gq (mod2). Fixe=(12 ... n) €S, Then

Nbq) 2
T(b,q) ~n+2

In particular, the inequality becomes an equality when b = 2.

Proof. In Theorem 3.2, for the passport [n, b?,n], we have A = (n'), I =1, u = (b7), and
m = q. Moreover, the genus is given by g = (n — ¢)/2 = q(b — 1)/2. Hence,

o 1 | NI b
N(b,q) = i)y = biql229 Z (290)!(292 + ¢ = D! (2g1 + 1) ; Z H <2jk +1)
J1 =

91,92>0
gi+92=9g

Since T'(b, q) = n!/(b%q!) by Proposition 3.1, we obtain

N 1 n b
— = 2g1)!(2 —1)! .
g X ol ta- 0y ") P (" )

91,9220
9g1+92=g

For the terms involving g; and g in the outer summation, we have

n!
(291 + 1)(n — 29, — 1)!

n
291 +1

peatee g -0, ") = el + - D)

n!
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(292 +q¢—1)!

 2¢1+1)(n—2g; — 1)
Since g; + g2 = g = (n — q)/2, we have ¢ = n — 2g; — 2¢>. Hence,

(202 +¢-D! (2924 (n — 291 — 295) — 1)!
(291 + 1)(n — 2g; — 1)! 201 + 1)(n —2¢, — 1!
I 1
20 +1  2(g—go) +1
Therefore,
N 1 < 1 q
FE S 2 G (-
T2 Ag )+ L 2kt ]
Let
A = b
o Z H 27k +1
(J1501dq)Fg2 k=1
then

Consider the polynomial

=Dzl
Py(x) = Z (2]' N 1) 27

Then we may write
ql(b-1)/2]

= ) Aga®™, Ay =[] R2),

g2=0

where [292] P,(x)? denotes the coefficient of 9% in Py(x)9.

Moreover,
L(b—1)/2] b b
b b 1 b
a Z (2j+1> 2 (l> _§<Z(l)
I: odd
1
— S+ - -1 =2
Therefore,

ql(b-1)/2]

If we define 7(gy) = A, /2%, then

ql(b—1)/2]

m(g2) = 1.
g2=0

Hence, 7(gs) can be regarded as a probability mass function.
Since

1)
Z q — 94(b=1) _ 929

19

(3.1)
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Nols  Aw oy e
T 2% =29 —go) +1 2= 2(9—g2) + 1

if a random variable X follows the probability distribution P(X = go) = 7(g2), then N /T
can be expressed in terms of its expected value as

N 1
—=E|l———+—|. 2
r ==z =) 2
On the other hand, since
L(—1)/2]
SRR
= 27+1
we can define a random variable J by
b
(351) |
B )= 22 (0<j<6-1)/2)) 33)
0 (otherwise)
Let Ji,...,J, be independent random variables following this distribution, and define

Syi=Ji+ -+ J,. Then

- . 1 (b Ay,
P(S; = g2) = Z HIP’(Jk = ji) = 2a(b-1) Z H <2j n 1) = oy = 7(g2)-

Ji+-+ig=g2 k=1 Jit+ig=g2 k=1

Therefore, S, follows the same probability distribution as in (3.2). Then we have

N 1
—=E|——F+—|. 3.4
T {2(9_511)“‘1} (3.4)
Here,
L(b—1)/2] b
j=0 7=0
1 k—1/(D
kY odd
—lzbjkb—lzbj ! (3.5)
2b k 20 k) '
k=1 k=1
k: odd k: odd
From (3.1),

Moreover, starting from

(1+2) = i (Z) 2",

k=0

differentiating both sides with respect to  and then multiplying by x gives
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br(1+z)° Zk( )xk:kzblk<2)xk

Substituting x = 1 and = = —1 respectively, we obtain
" (b (b
21p = k() k( )+ k( )
k odd k: even

ozkik(;;)(—l)k:— i k(Z) + i k<Z)

b
b 26=1p — 0
k =2 =% .
> r(y) =25 (37)

From (3.5), (3.6) and (3.7), we obtain
20=2p 2071 p—2

E[J] = 5 - 5 = —— (3.8)
Hence,
o _ =2 qb-1) gb=2) bg_n
9—E[S] =g —qE[J] =g R yiaE
For (3.4), consider the function f(z) =1/(2(¢9 —z)+1) (0 <z < g). Then,
f(x) = 5 > 0.

(2(g —2) +1)°
Hence, f(z) is a convex function. By Jensen’s inequality, we have

N E[f(S))] = f(E[S,]) = 2(g - E%sq]) +1

T
12
S 2:241 n+2

In particular, when b = 2, it follows from (3.8) that E[J] = 0. As the random variable
J is always non-negative by (3.3), in this case we conclude that J = 0.
Consequently, S, = J; + - -- + J, = 0. Therefore, by (3.4),

N 1 1 1 122
T Tl20g-S)+1] 29+1 2.9CU g g+l 2¢+2 n+2

Therefore, the inequality is sharp, and equality holds precisely when b = 2. O

3.3. Computation of I,

In order to find an upper bound for I(b,q)/T'(b,q), we divide the problem according to
the divisors m of n with 2 < m < n.
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Lemma 3.4. Let G < S,, be a subgroup containing x = (1 2 ... n). If the natural action
of G on E ={1,...,n} is imprimitive, then every nontrivial block of G is of the form

Bm,j:{J, Jjt+m, g+2m, ..., ]+<E_1>m}

for some divisor m of n with 2 < m < n and some 1 < j < m, where the elements are
taken modulo n.

Moreover, the cyclic subgroup H = (x) has all of the above sets By, ; as its nontrivial
blocks.

Proof. In the following, the elements of E are taken modulo n.

Let B C E be a nontrivial block of G. Since B has at least two elements by Defini-
tion 2.17, we may choose j, j+d € B with j € E and 0 < d < n. Then 2¢ € G and
x?.j = j+d € B. Hence, since (z?- B) N B # 0, it follows from Definition 2.17 that
- B = B.

Applying 2¢ once more, we obtain 2 - (j + d) = j + 2d € B. Repeating this argument,
it follows that

{j+kd|keZs}CB.

Let my = ged(n, d). Working modulo n, we have

{]"‘kd’kEZzo}:{]—i—kmo‘kGZEO}

:{j’ ]+m07 j+2m07 ceey ]+(_—1)m0}
mo
=B

mo,Jj*

Hence,
B, C B.
If By,; & B, we may choose j +d € B\ By, ; with mg { d. Applying the above
argument again, we obtain
{j+kd | keZs}CB,
and hence
By jU{j+kd | k€Zs} C B.
Let my = ged(mg,d’). Then my | n and we obtain
By jU{j+kd | k€Zso} ={j+kmo+Kd|kk €Zso}
={j+kmi |k €Zs} = B,
Hence,

B © Bm,,j C B.

=

This procedure can be repeated for m; (¢ > 0), and since B C E is finite, the process
terminates. Consequently, we eventually obtain

Bn;=B

for some divisor m of n with m < n.

If m = 1, then B = E, which is not a nontrivial block. Therefore, we must have
2<m < n.

Since € H, the nontrivial blocks of H are also restricted to those of the form B,, ;.
Conversely, let m and j satisfy m | n, 2 < m < n, and 1 < j < m. For any 2¢ € H, we
have
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2 By ={i+d j+m+d j+om+d .. j+ (== m+d} =B

If m | d, then B,, j+q = B, j, since for each 0 < k < n/m — 1, there exists 0 < k' <
n/m — 1 such that j + km +d = j + k'm. Hence 2% B,, ; = By ;.

If m { d, then for each 0 < k < n/m — 1, we have j + km + d # j + k'm for any
0 <k <n/m—1. Hence (¢ By, ;) N By, j = 0.

Therefore, each By, ; satisfies the defining condition of a block of H. Since 1 < |B,, ;| =
n/m < n, every By, ; is a nontrivial block of H. O

By the above lemma, G = (x,y) is imprimitive if and only if (y) admits the residue
classes modulo some m | n (2 < m < n) as a block system. Equivalently, y € I, (see
Section 3.1).
We now consider what kinds of such y can occur, taking the case (n,b, g, m) = (18, 3,6, 6)
as an example. In this case, the blocks are the residue classes of {1, ..., 18} modulo 6. Let
these blocks be By, ..., Bs (where By = {6,12,18}). The permutations y that preserve
these blocks fall into the following three types:
(1) (By By B1)(Bs By Bs)(Bs Bs Bs)(By By Ba)(Bs Bs Bs)(Bo By Bo)
e.g. (1713)(2 14 8)(3 9 15)(4 10 16)(5 17 11)(6 12 18)

(2) (By By Bs)(By By Bs)(By By Bs)(By Bs Bo)(By Bs Bo)(By Bs Bo)
e.g. (1215)(789)(13 14 3)(4 5 6)(10 17 12)(16 11 18)
and those obtained by permuting the blocks.

(3) (By By B1)(B2 By By)(Bs Bs B3)(By Bs By)(By Bs By)(By Bs By)
e.g. (17 13)(2 8 14)(3 15 9)(10 5 6)(4 17 12)(16 11 18)
and those obtained by permuting the blocks.

In case (1), all permutations are performed within the same blocks. In case (2), the six
blocks are divided into two groups of three, and permutations are performed within each
group according to a fixed order. Case (3) represents a mixed type of the previous two.

These correspond to the partitions of m = 6: (1) 1 x 6 = 6, (2) 3 x 2 = 6, and (3)
1 x3+3x1=6. If there are ¢; cycles, each involving d; distinct blocks, then ). d;t; = m.
For the permutation to cycle within each group of d; blocks, it must hold that d; | b.
Furthermore, since each block (of which there are n/m = bg/m) must rotate its elements
in units of b/d;, it must also hold b/d; | bg/m, i.e. m | d;q. The partitions of 6 satisfying
these conditions are {(d;,t;)} = {(1,6)},{(3,2)},{(1,3),(3,1)}, corresponding precisely
to the three types described above.

Theorem 3.5. Firx = (12 ... n) € S,. Among the elements y € S,, of cycle type (b9),
the number of those for which G = (x,y) becomes an imprimitive group with respect to
residue classes modulo m (m | n, 2 <m < n) is given by

diq ti
m!//n\\™ 1 dm
In(b.0) = %7 ((E)') {(dz;_)}l:[ dott \ (e |

where the summation on the right-hand side is taken over all partitions {(d;,t;)} of m
satisfying

Zditi =m, d; are all distinct, d; | b, m | d;q for alli. (3.9)
Proof. By Lemma 3.4, it suffices to count the number of elements y of cycle type (b?) whose

blocks under the action of (y) are exactly the residue classes modulo m. As discussed
above, such a permutation y determines a partition of m, as defined by (3.9).
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For each 4, there are t; cycles of length b, each containing d; distinct blocks. For these
d; blocks to circulate within a cycle, we must have d; | b. Moreover, since each block (and
there are n/m = bg/m such blocks) rotates its elements in units of b/d;, we must have
b/d; | bg/m, that is, m | d;q.

Fix a partition {(d;,¢;)} of m. First, determine the assignment of blocks corresponding
to dy - t1,dy - ta, ... and the order of each set of d; blocks (this corresponds to the block
arrangement in the preceding example). There are m! ways to arrange the m blocks
in total. For each pair (d;,t;), there are d; ways to represent the same permutation of
d; distinct blocks, and t;! ways to order the t; types. Hence, the number of possible
assignments and orderings of blocks is given by

m!
[1: di't:!
In a cycle of length b containing d; distinct blocks, each cycle consists of d; blocks, with
b/d; elements from each block. The same type of cycle appears (bg/m)/(b/d;) = d;q/m

times. Focusing on one of these d; blocks, since it contains n/m = bg/m elements and these
are arranged into d;q/m cycles, the number of such configurations is, by Proposition 3.1,

Frp—- T
)

m

(3.10)

The number of ways to place the elements of the remaining d; — 1 blocks after those of

the first block is ((n/m)!)%~1 since each block contains n/m elements. Hence, the total
number of ways to arrange the elements of these d; blocks is

()Y

P )
b\ ™ (di
(2) " (22
There are t; such types of blocks, and the number of possible assignments and orderings
of blocks is given by (3.10). Summing over all partitions {(d;,t;)} of m, we obtain

t;

((2))" b
’m n = ,
{dZt}Hdttl TZ;:Z e ( Q)
v <d_z> ( m )
where the summation is taken over all partitions {(d;, ;)} of m satisfying (3.9).
The total products of the terms (n/m)! and b are

TG = (G = (G

(2

I(ERREE
I\pde )\ b

7

Also, m! can be factored out. Then we obtain

In(b,q) = e (( )) Z Hdtztl

{(dist

t;

diq
m
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4. Genus 0

From this section onward, we study the regularity and automorphism groups of uniform
dessins d’enfants by genus.
In the case of uniform dessins d’enfants of genus 0, the situation is simple.

Proposition 4.1. Every uniform dessin d’enfant of genus 0 is reqular, and its auto-
morphism group is isomorphic to its monodromy group and has order n (the number of
edges).

Proof. Let a uniform dessin d’enfant of genus 0 have the passport [a?,b?,¢"| with n =
pa = gb = rc. Since regularity is invariant under permutations of black vertices, white
vertices, and faces, we may assume ¢ > a > b (and hence r < p < q).

Since the genus is 0, by (2.3) we have

n o n o on
ptqgt+tr=—+_—-+-—=n+2,
a b c
and hence
1 1 1 2
S oS =1+2>1
a b ¢ n

Since ¢ > a > b, it follows that b < 3, and therefore b =1 or b = 2.
When b =1, we have

1 1 2

4= -,

a ¢ n
which implies

T 2

P,oT_2

n o n n
and hence

p = r = ]_

Therefore, the passport is [n, 1", n].
When b = 2, the integer n is even, and we have

11 1 2 1

a ¢ 2 n 2
Since 2 < a < ¢, it follows that a = 2 or a = 3.

e When a = 2, we have ¢ = n/2, and hence the passport is [2™, 2™ m?] (with n = 2m).
e When a = 3, we have ¢ = 6n/(n + 12). The pairs (n, ¢) satisfying this equation are
(12,3), (24,4), and (60, 5).

From the above, all uniform dessins d’enfants of genus 0 are included in the following:
[n, 17, n], [2™,2™,m?] (n = 2m), [3*,2°,3%], [3% 22 4], [3%0,2% 5'7. (4.1)

The dessins corresponding to these passports are shown in Figure 7. They correspond
to the shapes of a star, an n-gon, a tetrahedron, a hexahedron, and an icosahedron,
respectively.

It is easy to show that no other dessins exist for the passports listed in (4.1), and that
their monodromy groups and automorphism groups are isomorphic. These groups are C,,
(the cyclic group of order n), D,, (the dihedral group of order 2m), A, (the alternating
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F1GURE 7. Uniform dessins d’enfants of genus 0

group of degree 4), Sy (the symmetric group of degree 4), and As (the alternating group
of degree 5), respectively?. Therefore, all uniform dessins d’enfants of genus 0 are regular.

Moreover, by Proposition 2.13 and Lemma 2.10, it follows that the automorphism group
of every uniform dessin d’enfant of genus 0 is isomorphic to its monodromy group and
has order n. 0J

Thus, when restricted to genus 0, regularity and uniformity are equivalent.

5. Genus 1

An explicit analysis of regularity and automorphism groups of genus-1 dessins indicates
that, except for passports containing a partition of the form n', all such passports appear
to admit non-regular dessins, while trivial automorphism groups appear not to arise in
genus 1. In this section, we prove these statements.

In general, for a dessin d’enfant & whose valencies of the black vertices, the white
vertices, and the faces have least common multiples a, b, and ¢, respectively, we consider
the triangle group

A=Aa,bc)=(X,Y,Z | X =Y =2°=XYZ=1).

Then, for the monodromy group G = (z,y) of Z defined in Definition 2.6, one can define
an action of A on & via the group homomorphism

o: Xz Yy, Zl—)(xy)’l,

so that G may be viewed as a quotient of A.
Let A, := ker . Then A, is the subgroup of A consisting of all elements that fix every
edge of ¥, and it satisfies

[A:A] < oo.
Moreover,
2 is regular < A, <A. (5.1)

See [JW16, Theorem 3.13].
For a dessin d’enfant & with a uniform passport [a?, b7, ¢"] with n = pa = ¢b = re, the
corresponding triangle group is A(a,b,c¢). If 2 has genus 1, then by (2.3) we have
n o n
—+ —=n,

n
pt+q+r=—+
a b ¢

and hence

2 By exchanging black vertices and faces, the passport [4%, 212 38] corresponds to an octahedron and
[512,239 329] to a dodecahedron; their monodromy (and hence automorphism) groups are Sy and As,
respectively.
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1 1 1
- +-4+-=1.
a b ¢

This case is referred to as the Fuclidean case of triangle groups. In this situation, A is
infinite, and A, is torsion-free (that is, it contains no nontrivial element of finite order).
Assuming a < b < ¢, the only possible triples are

(a,b,c) = (2,4,4), (3,3,3), (2,3,6).
Hence the uniform passports of genus 1 are exactly
[22m’4m’ 4m]7 [3m’ 3m’ Bm]’ [23m’ 327717 6m] (m c Z>O)a

together with the ones obtained from these by permuting the three parts.
For these passports, if we set

d = max{a, b, c},

then d = 4,3, 6, respectively, and the number of edges of the dessin (equivalently, the
degree of the associated Belyi function) is always md.

Consider a triangle ABC' in the Euclidean plane with angles ZA = 7/a, /B = 7 /b, and
ZC = 7/c. The generators X, Y, Z of the triangle group A correspond to the following
rotations of the whole plane:

2
X : rotation by T about the point A,
a
. 27 :
Y : rotation by 0 about the point B,

2
Z: rotation by T about the point C.
c

Moreover, A contains as a normal subgroup the group T' = Z? consisting of all trans-
lations of the plane.

We fix the vertices as A = (0,0) and B = (1,0), and choose the remaining vertex C,
the translation subgroup 7', and the quotient A/T as follows:

o A =A(2,4,4):
C:(0,1), T:(u,v)— (u+2k, v+20)(kleZ), A/T=C, (5.2)

e A =A(3,3,3):
C: (1, ﬁ), T: (u,v) — (u—i— §(k—%l), v+ \/—g(k — l)) (k,leZ), (5.3)

2 2 2 2

AJT = Cy

o A =A(2,3,6):
C: (0.v3), T (uv) > (wt3(k+0), v+V3(k—0) (R1€Z),  (5.4)

AJT = Cy

In each case, the elements of A fall into the following categories:

(1) the identity transformation;

(2) rotations about a point;

(3) translations (elements of 7"\ {id});

(4) rotations about a point composed with a translation, which are equivalently rota-
tions about some other point.
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Since the elements in (1), (2), and (4) have finite order, every torsion-free subgroup of
A must be contained in 7. Hence A, < T', and therefore

A:A]=[A:T]-[T:A=d-[T:A.

On the other hand, it is known that [A : A.] equals the number of edges of the dessin.
Hence

[A:A] =md.
Combining these equalities yields
[T : A] =m. (5.5)

Using the results above, we obtain the following proposition.

Proposition 5.1. A uniform passport of genus 1 admits a non-reqular dessin if and only
if it does not contain an element of type n'.

In other words, the genus-1 uniform passports [2%™ 4™ 4™] [3™ 3™ 3™], [32™,23™ 6™,
and those obtained by permuting their entries admit a non-reqular dessin if and only if
m > 2.

Proof. When m = 1, (5.5) implies A, = T'. Since T'<A, by (5.1), the corresponding dessin
is always regular.

When m > 2, (5.5) shows that A, is a subgroup of 7" of index m. Thus, in each of
(5.2), (5.3), and (5.4), we may take the subgroup 7" obtained by replacing k with mk’
(k' € Z), regard it as A., and consider the dessin & corresponding to this subgroup. In
this situation, by (5.1) and the definition of a normal subgroup, we have

D isregular & T aA & foralgeAandallheT’, ghg'eT.

Taking g to be Z (the rotation about the point C' by angle 27 /c) and taking h to be
the element of 7" obtained by setting k = m, [ = 1 in each of (5.2), (5.3), and (5.4), we
compute ghg~! as follows:

o A=A(2,4,4):
g: (u,v) = (—v+1, u+1),
h: (u,v) = (u+2m, v+2),
ghg™: (u,v) = (u—2, v+ 2m)

Since m > 2, u — 2 cannot be written as u + 2mk’ with k' € Z. Hence ghg™' ¢ T".
o A =A(3,3,3):

ghg™t: (u,v) > (u — ;m, v+ ?(m -+ 2))

Thus the corresponding translation parameters satisfy k+1 = —m and k—[ = m+2,
hence k = 1. Since m > 2, this cannot be expressed in the form & = mk’ with k&’ € Z,;
therefore ghg™" ¢ T.
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o A =A(2,3,6):

1 V3 3 V3 1 V3
PR N A

g: (u,v) — <§u—7fu+ , U+ U+

h: (u,v) — (u—l—B(m—i—l), v+ V3(m— 1)),
ghg™': (u,v) — <u+3, v+ (2m + 1)\/3)

Here the translation satisfies k +1 = 1 and kK — [ = 2m + 1, hence k = m + 1.
Since m > 2, this cannot be expressed in the form k = mk’ with k' € Z; therefore
ghg ' ¢ T".

In each case we conclude that 7" is not normal in A. Hence, by (5.1), the corresponding
dessin Z is not regular. This proves that for every m > 2, for each of (5.2), (5.3), and
(5.4), a non-regular dessin of genus 1 with the given uniform passport exists.

Combining all the above, we conclude that the existence of a non-regular dessin is
equivalent to the condition m > 2. O

For m > 2, a regular dessin does not necessarily exist. There are genus-1 passports for
which only non-regular dessins exist; see Example 6.5 below.
For the automorphism group Aut Z of a dessin Z, it is known that

Aut 7 = Na(AL) /A, (5.6)
where

is the normalizer of A, in A (see [JW16, Theorem 2.2)).
Using this, we obtain the following proposition.

Proposition 5.2. For any uniform dessin d’enfant 9 of genus 1, we have Aut & 2 {1}.

Proof. As described above, the passports of genus-1 dessins are exactly [22™, 4™ 4™],
(3™, 3™, 3™], and [25™ 3% 6™] together with those obtained by permuting their entries,
and they satisfy [T : A.] = m.

For m = 1, Proposition 5.1 implies that Z is regular. Therefore, by Proposition 2.13,
Aut Z is isomorphic to the monodromy group of . Moreover, by Lemma 2.10, the order
of the monodromy group equals the number of edges of the dessin. Thus |Aut 2| > 1,
that is, Aut 2 2 {1}.

For m > 2, since T" commutes with every element of A, we have gA.g~! = A, for any
g € T. Hence

T < Na(A,).
Together with (5.6), this implies
Aut 2 = Na(A.)/A > T/A..

Since |T'/A.| = m > 2, it follows that |Aut Z| > 2, and therefore Aut 2 2 {1}.
Thus, for all m > 1, we have Aut 2 2 {1}. O
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6. Regularity Criteria in Arbitrary Genus

In this section, we describe two genus-independent criteria for the existence of regular
dessins associated with uniform passports.
In what follows, let o, == (12 ... n) € S,.

6.1. Tree Cases

A passport [\, A\, \oo] is called a tree if at least one of the \; is n'.

Theorem 6.1. For a uniform passport [a”,b%,n] (p,q > 1), there exists a regular dessin
d’enfant with this passport if and only if ged(p,q) = 1.
The same statement holds for the passports [a?,n,b?| and [n,a?, b9].

Proof. As regularity is symmetric with respect to black vertices, white vertices, and faces,
it suffices to prove the statement for [a?,b?, n| (p,q > 1).

By (2.4), the genus is (n — (p + ¢) + 1)/2. Hence n — (p + ¢) is odd.

Since ry and (zy)~! have the same cycle type, it follows that xy is of cycle type (n).
Hence we may assume zy = o,. Since (0,) = C, and (0,) < G, and since a regular
dessin satisfies |G| = n by Lemma 2.10, it follows that if the dessin is regular, then
G = (0,) = C,. Consequently, both x and y must lie in (0,,).

Therefore,

The dessin is regular < z,y € (0,), z: type (a?), y: type (b%), zy = o,
& There exist [,m such that 1 <l <a, 1 <m <b,
=0 ged(a,l) =1, y=0m, ged(b,m) = 1,
Ip+mg=1 (mod n). (6.1)

When the dessin is regular, since Ip + mg = 1 (mod n) and p,q | n, it follows that

ged(p,q) = 1.

Conversely, assume that ged(p, ¢) = 1. Since n = pa = gb, we have ¢ | a and p | b. Let
a = uq with u € Z~y. Then we have n = upq and b = up.

Moreover, since ged(p, q) = 1, there exist a, 8 € Z such that pa + ¢6 = n+ 1. For
these, we have

pla—kq) +q(B+kp)=n+1 forall ke Z.

Let ko be the smallest £ such that 1 < o — kg < aand 1 < g+ kp < b, and set
lo = a— koq, mg = B+ kop. Then we obtain

l0p+m0q:n—|—1,
(lo—q)p+ (mo+p)g=n+1,

(lo— (u—1)Q)p+ (mo+ (u—1)p)g =n+1,

that is, u such equations.

The u pairs of coefficients (lo — kq, mo + kp) (0 <k <wu—1) all satisfy 1 <lyp—kq < a
and 1 < mgy+ kp < b.

To establish (6.1), it suffices to show that there exists some k; such that

ged(a, ly — ki1q) = ged(b,mo + kip) =1, 0 < ky <u— 1.
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When (lp — kq)p + (mo + kp)g = n + 1, we have (lp — kg)p = 1 (mod q), and hence
ged(q, lo — kq) = 1. Since a = ug, if ged(u, lo — kq) = 1, then ged(a,ly — kqg) = 1 also
holds.

Similarly, if ged(u, mo + kp) = 1, then we have ged(b, mg + kp) = 1.

Therefore, it suffices to show that there exists k such that

ged(u, lg — kq) = ged(u,mo+kp) =1, 0<k<u-—1 (6.2)

First, when u = 1, k = 0 satisfies (6.2).
When u > 2, let the prime factors of u be p1,...,ps (s > 1, p1 < --+ < ps). Since
ged(p, ¢) = 1, no p; divides both p and ¢. Hence, we can choose 0 < k; < u — 1 such that

ki # log™" (mod p;) (pi | s pita)
forall 1 <i<s, <ki#—mop " (modp;) (pitp, pila). (6.3)
ky # log™t, —mop™" (mod p;)  (pitp,q)

Note that if p; = 2, then u is even, and hence n is even. Since n — (p + ¢) is odd, it
follows that one of p or ¢ must be even. Therefore, if p; 1 p, g, we must have p; > 3, and
hence a k; satisfying (6.3) can always be chosen.

For this k£, and each p;, we have:

o When p; | p and pi { g,

lo—kig #lo —log "¢ =0 (mod p;),
and from (lo — k1q)p + (mo + k1p)g = n + 1, we obtain (mg + k1p)g = 1 (mod p;),
hence my + kip # 0 (mod p;).
e When p; {p and p; | g,
mo + kip # mo —mep~'p =0 (mod p;),
and from (lo — k1q)p+ (mo+k1p)g = n+1, we obtain (I — ki1q)p =1 (mod p;), hence
lo —k1g Z 0 (mod p;).
e When yZi Tpa q,
lo—kig#lo—log~'g =0 (mod p;),
mo + kip #Z mo —mep~'p = 0 (mod p;).

Hence, for every prime divisor p; of u, we have p; 1 ly — kiq and p; + mo + kip, thus
k = ky satisfies (6.2).

Therefore, when ged(p, ¢) = 1, a regular dessin exists. 0

In genus 0, the tree case corresponds to [n, 1", n]. Moreover, the following result holds
from Theorem 6.1.

Corollary 6.2. The passport [n,b?, n] always admits a regular dessin. On the other hand,
the passport [aP,aP, n] admits a reqular dessin if and only if p =1, equivalently a = n.

6.2. General Criteria

The following holds regardless of whether the passport corresponds to a tree or not.

Proposition 6.3. A uniform passport [a?,b?,c"], where n = pa = qb = rc, admits a
reqular dessin if and only if there exists an (abstract) group G of order n satisfying the
following condition:

e There exist elements x,y € G such that ord(x) = a, ord(y) = b, ord(xy) = ¢, and
G = (z,y).

Proof. Assume that a uniform passport [a?, b?, ¢"] admits a regular dessin. As in Defini-
tion 2.6, we define permutations x and y acting on the set of edges of the dessin, and
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set G = (z,y), the monodromy group. Then ord(z) = a, ord(y) = b, and ord(zy) =
ord((xy)~!) = ¢. By Lemma 2.10, we have |G| = n.

Conversely, suppose that a group G and elements z,y € G satisfy |G| = n, ord(x) = a,
ord(y) = b, ord(zy) = ¢, and G = (x,y). Take an arbitrary bijection ¢: E — G on the
set of edges £ = {1,...,n}, and define an action of G on E by

forallg€ Gandalle € E, g-e:=1 (gy(e)).
For any ¢,¢' € G and e € E, we have
id-e =yl (id(e) = 6L (p(e)) = e,
g (g-¢) =g v (g¥(e) =¥ (g V(W (gi(e) =¥ (g g(e)) = (g'9) - e

Therefore, this defines a group action of G on E.
Moreover, for any e, es € E, consider the element 1(e3)(v(e;))™ € G. Then

Ule2)(¥(er) ™" - er = v (Wlea)(Y(er)) (1)) = ¥ (¥(e2)) = ea

Hence this action is transitive.
Therefore, there exists a dessin whose monodromy group is G[Sco24, Theorem 3.6].

Since |G| = n, it follows from Lemma 2.10 that the dessin is regular. Moreover, the
orders of =, y, and xy are a, b, and ¢, respectively, and since the dessin is uniform by
Proposition 2.15, its passport is [a?, b?, ¢"] with n = pa = ¢b = re. O

Example 6.4. A regular dessin d’enfant with the passport [3%,3%,3%] (n = 12, genus 1)
must satisfy ord(z) = ord(y) = ord(zy) = 3.

Furthermore, since the action of G = (x,y) must be transitive, we have = # y. Also,
as x,y # 1, it follows that xy # x and zy # y. Hence z, y, and zy must all be distinct,
and therefore G must be of order 12 and contain at least three elements of order 3.

There are five abstract groups of order 12: the cyclic group Cis, the direct product
Cgs x Cy, the alternating group Ay, the dihedral group Dg, and the dicyclic group Qs.
Among these, only A, contains three or more elements of order 3 (in fact, four). By
examining the elements of A4, for example, we find that

z=(123)(456)(789)(10 11 12),
y=(147)(2116)(3810)(5129),
zy=(1510)(2127)(396)(4 8 11)

satisfy the required conditions, showing that a regular dessin exists in this passport.

Example 6.5. A regular dessin d’enfant with the passport [3°, 3% 3% (n = 15, genus 1)
must satisfy ord(z) = ord(y) = ord(zy) = 3. Since the only group of order 15 is the cyclic
group Cis, if ¢ is a generator of Ci5, then z, y, and xy must each be one of ¢° or ¢'°.
However, {5°,5'°} does not generate C5.

Therefore, no regular dessin exists for the passport [3°,3°, 3]

By the same reasoning, no regular dessin exists for the passport [5%,5% 5%] (n = 15,

genus 4) either.
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7. Automorphism Groups in Genus > 2

In this section, we prove the existence of a dessin 2 with Aut 2 = {1} for passports of

genus at least 2 in which at least two of the entries are of type n'.

7.1. Passports [n,n,n]

Proposition 7.1. Every passport [n,n,n| of genus > 2 admits a dessin with a trivial
automorphism group.

Proof. By (2.4), the genus is (n — 3)/2+ 1 = (n — 1)/2. Since it is an integer at least 2,
n is odd and n > 5.

Since the monodromy group does not depend on the labeling of the edges, we may fix
r=(12...n).

Let

y=(246...n—1nn-2 ... 31),

where the even numbers appear in ascending order, followed by the odd numbers in
descending order. Then

xy=(13254 ... n—2n-3nn-—1),

which is of type (n).

For any i,j € E = {1,...,n}, we have 277" - i = j. Hence, G = (z,y) acts transitively
on F.

Therefore, G is the monodromy group of a dessin & with passport [n,n,n]. Since n is
odd, we have G < A,,, the alternating group.

Computing x?(zyzy) ! yields (1 2 3). As is well known, the permutations x and (1 2 3)
generate A, for odd n > 5, and hence G = A,,. Therefore,

Aut 2 = O (A,) = {1}.

7.2. Approach for the Passports [n,0?,n]| (¢ > 2)

In this section, we describe our approach to proving that every uniform passport [a?, b7, ¢”|
of genus at least 2, with exactly two of p, ¢, r equal to 1, admits a dessin d’enfant with
trivial automorphism group. The proof combines counting arguments, analytic estimates,
and a finite verification of exceptional cases.

Since the automorphism group is invariant under interchanging black vertices, white
vertices, and faces, it suffices to consider the case [n, b?,n|, where n = bg and ¢ > 2. Since
the genus (n — ¢)/2 is an integer at least 2, we have n — ¢ > 4, n = ¢ (mod 2), and hence
b=n/q>2.

In this case, unlike in Proposition 7.1, it is difficult to construct a general pair (x, y) such
that Aut 2 = {1}. Therefore, we exploit the relationship between the primitivity (see
Definition 2.17 and 2.18) of the monodromy group and the triviality of the automorphism

group.

Proposition 7.2. Let G = (z,y) be the monodromy group of a dessin & with n edges. If
n is not prime and G is primitive, the automorphism group Aut & is trivial.

Proof. Assume that n is not prime, G is primitive, and let ¢ € Aut &. Then, for every
g € G, we have cg = gc.
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For e € {1,...,n}, let O, = (c¢) - e denote the orbit of e under the action of (c). For
any g € GG, we have

9-0c=g-((c)-¢) = (9(c) e = ({c)g) - e = (¢) - (9 - €) = Opec.

Assume that (g - O.) N O, # 0. Since g - O, = O, and each element of O, can be
written as ¢™ - e, while each element of O,.. can be written as c'g - e, there exist integers
I,m such that clg-e = c¢™-e. Then g-e =c™'-e € O,, and hence g- O, C O,. Similarly,
since e =cMg-e € Ogy.e, we have O, C O... Therefore, g - O, = Oy = O..

Since this holds for all g and all e, we have, for every g and e, that either g- O, = O, or
(9-0.) N O, = 0. Hence, each element of the family {O.} is a block for the action of G.

Furthermore, since G acts transitively, all blocks are mapped to one another under the
action of G and therefore have the same size d. Since the size of the orbit of ¢ is d, the
cycle type of ¢ is (d?).

If 1 < d < n, then G has nontrivial blocks of size d, contradicting the assumption that
G is primitive.

If d = n, then ¢ has cycle type (n). It is well known that Cg, (¢) = (¢). Since cg = gc
for every g € G, it follows that G < (c), and hence G is cyclic. A cyclic group acts
primitively only when n is prime; since n is not prime, this yields a contradiction.

Consequently, we have d = 1, and the cycle type of ¢ is (1™); that is, ¢ = id. Therefore,
Aut 7 = {1}. O

For the passport [n,b%,n] with b > 2, fix . = (12 ... n) € S,. As described in the
proof of Proposition 7.1, the group G = (x,y) acts transitively on the edges {1,...,n}
for any y € S,,. Therefore, if y has cycle type (b?) and zy has cycle type (n), then G is
the monodromy group of a dessin corresponding to this passport.

We define the following subsets of S,,:

e T'(b,q): the set of elements of S,, with cycle type (b?);

e N(b,q): the set of elements y € T'(b, q) such that zy has cycle type (n);

e I(b,q): the set of elements y € T'(b, q) such that G = (x,y) is imprimitive;

e C(b,q): the set of elements y € T'(b, q) such that Cs, (G) is nontrivial (equivalently,

Aut 2 2 {1}).

T, N, and [ are the same as those defined in Section 3.1.

Since n = bq is not prime, it follows from Proposition 7.2 that I D C.

The existence of a dessin Z such that Aut 2 = {1} is equivalent to N N C® # { (the
gray region in Figure 8). To prove this, however, it is sufficient to show that N N ¢ # ().
Furthermore, to establish this, it suffices to show that |N| > |I|.

T

F1GURE 8. The region corresponding to trivial automorphism groups

Hereafter, we use the same notation to denote the number of elements in a set (for
example, the number of elements of T'(b, ¢) is denoted by the function T'(b, q)).
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For a passport [n,b%,n] (b > 2) of genus at least 2, we show that

I(b,qg) _N(b,q)
T(b,q) T(b,q)’

which implies that there always exists a dessin & whose automorphism group Aut & is
trivial.

By directly computing the automorphism groups of dessins belonging to the corre-
sponding passports, we find that most of them are in fact trivial, and that this tendency
becomes more pronounced as n increases. Accordingly, we allow a slightly coarse upper
bound for I/T, and in the remaining cases where (7.1) cannot be established for finitely
many small pairs (b, q), we complete the proof by explicitly exhibiting pairs (x,y) for
which the automorphism group is trivial.

As in Section 3.1, let I,,,(b, q), where m | n and 2 < m < n, denote the subset of I(b, q)
consisting of elements y such that G = (x,y) is imprimitive with respect to the residue
classes modulo m.

Proposition 3.1 and Theorem 3.5 give an explicit formula for I,,/T and provide an
upper bound for /7"

B0 S n((2))" S Tt iy ) (72

(7.1)

{(dit)r @ ° m
d;q t;
I(b,q) ¢! ny\ \™ 1 dm
< LS m(3)) S | v | (7.3)
T(b,q) — n! 2<m<n m (duts)} i ditti! \ (52)!
mln

where the summations over {(d;, t;)} are taken over all partitions {(d;,t;)} of m satisfying
(3.9), that is:

> dit;=m, d; are all distinct, d; | b, m | dig for all i.

Since there exist pairs (z,y) that admit blocks corresponding to multiple values of m,
the total sum on the right-hand side of the latter generally exceeds I/T.

Since
Z diq _ q Z n
- g m.om iti ’

it follows from the logarithmic convexity of the factorial (equivalently, Gamma function)
that the sum of the terms log(d;q/m), each counted with multiplicity ¢;, is not smaller
than the sum of m terms of log(q/m), where m is the total number of terms. Hence,

logl?[((i%j)!)ti _ ;tilog<d )! > mlog(%)!

id
m
where, since ¢/m is not necessarily an integer, we define (¢/m)! :=T'(¢/m + 1).
Therefore,

This yields
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In(b, ) <q_!m!<(%)!) > H )ti
) (i)' {(dists)} i

m):

Applying Stirling’s formula

MA\M MA\M
V2 M (—) e+t < M < v27rM<—> e (M >0), (7.4)
we obtain

q_!m'<(%)!>m<m'. 2ﬂq(g)qexp<ﬁ> | ( 2W%>m(%)nexp(1;’%)
@)~ Ve

m() exp(im)  (2rE)" ()" e ()

1 m? m?2
eXp(l_Qq T lom T Tamtl 12q+m>'
If we regard the exponent of exp as a function of m (2 < m < n), denoted by f(m),

then

1 m? 1 m?
Eﬁ 12n 12n+1 129+ m’

, 1 m + 24q
fm) = m(6_n T (m+ 12q)2>

Let g(m) = —(m+24q)/(m+ 12¢)?. Then ¢'(m) = (m + 36q)/(m + 12¢)* > 0, thus g(m)
is monotonically increasing. Hence,
1 n + 24q 1 bq + 24q
! < ! — et — S Tt
fim) < f(n) n(Gn (n+ 12q)2> (6bq (bq + 12¢)?
(L b4\ 541200144
- o\6b  (b+12)2) 6(b+12)2 ’
where the last inequality follows from b > 2.
Therefore, since f(m) is monotonically decreasing, we have

f(m) =

11 1 2 11 2
Jm) < @) = 5t 5 T Ton 1 Gerl 12 3n  Gg+1
S S S :—18bq+b+24q+4:_18(b—§)( -5)-8
12g  3bg 6g+1 12bq(6g + 1) 12bq(6q + 1)

Be-He-)-¥
= 12bq(6g + 1)

where the last inequality follows from b, ¢ > 2.
Hence, exp(f(m)) < 1, and therefore

AYAN
q—:m'((m>> < m!bmglm_q(b_l),
n!

(:5)!
and then,
dia _ l)ti
Im(ba Q) ] mT_l —q(b—1) (m
T(0.0) <m!bz m S(b,q,m), S(b,q,m Z H (7.5)

{(disti)} 7
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where the summation in S(b,q,m) is taken over all partitions {(d;,¢;)} of m satisfying
(3.9).
Applying (7.4) to m! as well, we obtain
-[m b7 m _1 - m-1 — —
—T((b, qq)) <V 27Tm<%> emm bz 0 VS(b,q,m)
=27 meflmm_q(b_l)J“%e_mJ“ﬁS(b, q,m). (7.6)
In the following, we prove (7.1) by dividing the argument into two cases: b = 2, where
the dessins are called clean and which turns out to be the critical case, and b > 3.

7.3. The Case b =2

Proposition 7.3. Every passport [n,29,n] (n = 2q) of genus > 2 admits a dessin with a
trivial automorphism group.

Proof. By (2.4), the genus is

2¢—(1+q+1)
2
Therefore, ¢ must be an even integer with ¢ > 4.
By Theorem 3.3,

N 2 2 1 1 4

T n+2 2q+2 q(1+$)_q(1+i) 5¢q

q
1==>2
+ 5 =

Therefore, it suffices to show that
I(b,q) _ 4
T(b,q) ~ 54’
Let 7(n) denote the number of positive divisors of n. Then the number of values of m

appearing in (7.3) is 7(n) — 2. Since 7(n) < 2y/n = 24/2q, it suffices to show that for each
m with m | n and 2 < m <mn,

I, 4 1 V2

< — ==
T 5¢ 2v/2q 5q%

Since n = 2q, the largest divisor m of n with m < n is m = ¢. Therefore, it suffices to

show that
5 sl
loo|[ —g22 ) <0 7.7
g(\/ﬁ T) (7-1)
holds for all 2 < m <q.

Since d; | 2 in (3.9), the only possible values of d; are 1 and 2.
We now divide the analysis into the cases m = 2 and 3 < m < ¢, and obtain an upper
bound for the left-hand side of (7.7) in each case.

(i) The case m = 2.
Since ¢ is even, the partitions {(d;,¢;)} of 2 satisfying (3.9) are {(1,2)} and {(2,1)}.
Hence, by (7.2),

L ¢ (1 1 C oo _(q")? q! .
T~ gt 5(@) Ty _(2q>!(((z)z)2+2)'

Using Stirling’s formula (7.4), we obtain
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L mg()Men (Vma(f)'em
T a2 () e \2m 4 (1) "emn

vV 1 1 2 1 2
:ﬂexp — — —exp| — — +1).
24 6g 24qg+1 mq 12¢g  6g+1

Here, the first exponential term is decreasing in ¢, hence we bound it by its value at
g = 4. The argument of the second exponential term is always negative, and thus we
bound it by €® = 1. Hence,

I, 62328
7= 5 (V2 V)
Therefore,
5 s P 73 1 3
1 < oo —qlog2+log(V2+ \/7q) +logh — 5 log2 + - logg. (78
og(\/_ T)_2328 qlog2 +log( V2 + y/7q) + log 5 log +20gq( )
Differentiating the right-hand side with respect to g gives
1 /= 3 s 1 3
—log2+ -,/ ———— —lo 2+ — + <0 > 4).
g 2\/;x/§+\/7rq 2q & 42+ Var 24 (4=4)
Therefore, the right-hand side of (7.8) is decreasing for all ¢ > 4, and a direct evaluation
shows that it becomes negative for ¢ > 10.

(ii) The case 3 <m < q.
Substituting b = 2 into (7.6), we obtain

Im
? 2% \/Tm™ TTae m+12mS(2 q,m). (7.9)

Regarding (3.9), d; must be 1 or 2 since d; | 2. For d; = 1, the condition m | d;q
holds only if m | ¢. For d; = 2, the condition m | d;q always holds, since m | n (= 2q).
Furthermore, if m 1 ¢, then m must be even. In this case, the unique partition satisfying

(3.9) is {(2,m/2)}.

Therefore, the partitions of m satisfying (3.9) are

{tam=-2p.c| 0<i<|Z]} mla),

(D) oo

As the second set is contained in the first, in (7.9) we obtain the inequality

(dﬂ 1) 3], (2-1)s

S(2 < 7.10
am)= ) H = 2 (m — 2j)1j! (7.10)
{(di,ti)} ¢ j=0

Let o = 22¢/™=1 Then
ok S ip SN ad k2
ztax? _ x_oax? _ JZ_ o'z _ a’xr
it e LSS S S
k=0 7=0 k=0 j=0

Extracting the coefficient of 2™ on the right-hand side, only the terms satisfying k425 = m
(i.e. K =m — 2j) contribute. Hence we obtain

1% ;
[xm] 6x+ax2 _ Z ( o

< (m =2}V
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where the left-hand side denotes the coefficient of 2™ in e*+e=*,
Since the right-hand side of (7.10) coincides with this expression, we may bound
S(2,q,m) using the generating function e*** as

S(2,q,m) < [z™] eotoe?

Let F(z) = e*t** By Cauchy’s integral formula, we have

(2, ¢,m) < [2™] F(z) = i,/l FG) o (rso)

2mi J =g 2

Hence, for any R > 0,
maxpj=g|F(2)] _ max.—g|F(2)|

For fixed |z| = R, the quantity |F(z)| attains its maximum at z = R (a positive real
number). Thus,

1
S(2,q,m) =15(2,q,m)| < o 2R -

R+aR?

Rm

Viewing the right-hand side as a function of R, let L(R) denote its logarithm. Then
L(R) = R+ aR® — mlogR,

e

S(2,q,m) < for all R > 0. (7.11)

1
L'(R) =1+ 2aR — E = R(QaR2 + R —m).

Since the right-hand side of (7.11) (the upper bound for S(2,q,m)) is minimized when
L'(R) =0, ie. at R = (v 1+ 8am — 1)/(4a), we choose a nearby value

vV 8am
R=Ry = 2a

eRo+aR] m m 2\ ?
S(2 < = AT e N
(2,0,m) < R exp(2 2a><m>

29 \ 2
2m m q
= exp (% + %) (H) =2im™2 exp(m + 275\/m>. (7.12)

Then

2m 2
From (7.5), (7.9), and (7.12), we have

5 m m ].
2 BBt texp( D b 12 % m ),
2 2 12m

5 1, 3 m
log<—q§?> 3 logq +logb + (—

+ ! log2 + -1
5 q 0g 2og7r

2
m+1 1
- 1 e Q_E
+( 2 q>0gm 2+12 +2Tmym.
Let the right-hand side be denoted by G(q,m). For ¢ > 4 and 3 < m < ¢, we have
0*°G 1 2q — 1 1 =L /2
~om ——— —gmlog2 + (qlog2)? ).
omz  2m T om2z T Gm? i ( 4 T gmlog2+ (qlog?2) )

(7.13)

Let
2

g(g,m) = —mj — gmlog2 + (qlog2)”.

Since ¢ > m, we have
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? =2(log2)?q — mlog2 > 2(log2)*m — mlog2 = mlog2(2log2 — 1) > 0.
q

Hence ¢ is increasing in ¢ for each fixed m, and therefore
2
gla.m) = glm.m) = =" —m*log2 + (mlog2)* = —Cm”,
1
C :=log2+ 1 (log2)? > 0.

Therefore, in (7.13) we have

_a 2 _a _m
and it follows that
82G>L 2q—1+1_C>L+2m—1+1_C’
om? ~— 2m 2m?2 6m3  oms — 2m 2m? 6m3  9ms
3 1 1 C - 3 1 C 1 1

= — — = _ — = 3Vm— — —C

2m 2m2+6m3 oms ~ 2m 2m?2  9m3  oms T m >
1 1 1

> 3vV3— — —log2— -+ (lo 22>>0.

ng( \/§ & 4 <g)

Therefore, GG is convex in m. Hence its maximum on the interval 3 < m < ¢ is attained
at one of the endpoints, m = 3 or m = q.

Let Hy(q) = G(q,3) and H(q) = G(q,q). Then
G(q,m) < max{Hi(q), H2(q)} (3 <m <q),

where

3 1 53 g
Hi(q) = Elogq+log5+ (g+1)log2+ §log7r+ (2—q)log3 — 36 +275/3,

q

3 273 3
Hi(q) = 2—q+10g2—10g3— 2 jog2 < 5 Tlog2—log3 <0 (g >4),

V3

and

3 1 1 1 1
H(q) =logh + (—q— —) log2 + —logm + (—g+2> logq — g+—q+§\/§,

2 2 2 2 12
1 3 2 1 1
Hj(q) = —zlogqg— 1+ -log2+ — — —
2(q) = —5logg — 1+ log + 12q2+4\/c'1
< 11 4 1+31 2+2 0+ ! <0 (¢>4)
——log4 — —lo - — — .

Thus both H; and Hs are strictly decreasing for ¢ > 4. Direct computation shows that
Hi(q) <0 for ¢ > 22, and Hy(q) < 0 for ¢ > 14. Consequently, G(q, m) is negative for all
q > 22 and all m with 3 <m <g.

Combining this with the case m = 2, we see that (7.7) holds for all ¢ > 22 and all m
with m | n, 2 <m < n.

For even integers 4 < ¢ < 20, Table 2 lists those permutations y such that, with
r= (12 ... n) fixed, the automorphism group is trivial.

When ¢ = 4, the monodromy group G = (x,y) has order 336 and Cg, (G) = {1}. On
the other hand, when 6 < ¢ < 20, we have (x,y) = S,. Since Cg,(S,) = {1}, it follows
that for each such ¢ there exists a dessin 7 with Aut 2 = {1}.

Consequently, every passport [n,2?, n] (n = 2q) of genus > 2 admits a dessin with a
trivial automorphism group. 0
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q Y
G [ w(z,y) [ Pw [ w
4 L1 4)(25)(3 7)(68)
336 | [
¢ LU AEINE6)(58)(7 11)(10 12)
S12 [ ryzyx yrSyx [ 5 [ (469511)
s L3 10)( 16)(46)(5 9)(7 14 1)(12 15)
Sis | @ yryzyr’ | 13| (1158716 10112356 12 13)
Lo L 15)(219)(3 12)(418)(5 8)(6 16)(7 10) (9 11)(13 20) (14 17)
Sw |  yr'yryz® | 17 | (1108341556129 17 2 11 19 20 13 16)
12 [(LI6) 21D 9)(4 14)(5 20)(6 21)(7 15)(8 17)(10 24)(12 22)(13 18)(19 23)
Sa1 | yalyayr yz® [ 19 | (19201823 19 1182124 125224263 10 13)
14 (20 (218)(3 20)(48)(5 22)(6 13)(7 26)(9 12)(10 15) (11 28)(14 17) (16 23)(19 25) (21 24)
Sis | aya'ly [ 23 | (11801971527 12624 113234288 13 17 22 26 5 25 21)
L6 |(126)(227)(329) (4 15)(5 20) (6 12)(7 14)(3 24)(9 19)(10 30) (11 17)(13 16)(18 23) (21 25)(22 32) (28 31)
532[ oy’ [29[ (11828313029252234178202111101931526622245271316127)
15 | (L28)(29)(329)(47)(5 36) (6 24)(8 16) (10 12)(11 33) (13 21)(14 17) (15 35) (18 31) (19 25) (20 26) (22 32) (23 34)
(27 30)
S36 [ Ty yriyriyx [ 29 [ (1152617352114416187222520283413231252429109 31 326 33 36)
50 | (139)(240)(310)(432)(5 35)(6 17)(7 14) (8 22)(9 19) (11 31)(12 38)(13 36) (15 26)(16 18) (20 28)(21 30)(23 33)
(24 29)(25 27)(34 37)
Sio | 2Myxyryryrtyr | 37 | (1252723 128403918213373691911 14321317 244 6 30 22 20 38 26 34 31
16 33 3529 15 28 2)

TABLE 2. Elements y such that AutZ = {1} forb=2 (x =(12 ... n))

To find elements y such that (z,y) = S, for x = (1 2 ... n), we make use of the
following theorem.

Theorem 7.4. Let G < S,, be a primitive group which contains a cycle (p) of prime
length p. Then either G > A, orn < p -+ 2.

Proof. See [DM96, Theorem 3.3E]. O

By this theorem, for a permutation y of cycle type (29), if G = (x,y) has no blocks
with respect to any residue class of a divisor m of n = 2¢ (2 < m < n), and if G contains
an element w of cycle type (p,) for a prime p, < n — 3, then G = S,, (since n is even, it
cannot be A,).

A list of such examples of y and w obtained by computation is shown in Table 2.

In practice, we generated random permutations y of cycle type (27), produced several
tens of thousands of elements of (x,y), and stopped as soon as an element w satisfying the
required conditions was found; otherwise, we discarded y and tried again. By repeating
this procedure, we completed the table.

When (b,q) = (2,4), the monodromy group never becomes Ss. Instead, it can be a
group of order 336, in which case the automorphism group is trivial. A dessin realizing
this case is shown in Figure 9.

7.4. The Case b >3

Proposition 7.5. Fvery passport [n,b%,n| of genus > 2 with b > 3 and q > 2 admits a
dessin with a trivial automorphism group.

Proof. By (2.4), the genus is

n—(1+q¢+1) B
2 i 2 -
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x=(12345678),y=(1 4253 7)68)
|G| =336, AutP = {1}

FIGURE 9. A dessin with trivial automorphism group having passport [8, 2%, 8]

Therefore, we have n — ¢ > 4 and n = ¢ (mod 2), and hence n > 6.
Our goal is to show that

I(b,q) _N(b,q)
T(b,q)  T(bq)

By Theorem 3.3,

N(b,q) 2 2 2 3
T(bg) ~n+2 n(l+2) " n(l+2) 2n
Thus it suffices to prove that
1
(ba) _ 3
T(b,q) 2n

Since there are 7(n) — 2 integers m such that m | n and 2 < m < n (where 7(n) denotes
the divisor-counting function), it will be enough to show that for each such m,
L, 3

T = 2n7(n)’

Since 7(n) < 24/n, we have

Thus it suffices to show

I, 4 3
F(b,q,m) = T g(bq)‘z <1 (7.14)
for all m such that m | n and 2 < m < n.
By (7.5),
4 m B
F(b,qm) < gml b3 qzm 1V (b, q,m), (7.15)
where
d(%fl t;
Sk,gm)= Y 1 - (7.16)
{(dit)} @ "
Furthermore, from (7.6),
ANV2T  m

F(bgm) < == bEHgamm a0V aemm mm 5 (b, g m).

Since m > 2, we have e'/(12™) < /24 and therefore
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4\/ 271' 1
3 e24

F(b,q,m) < C’oe_mb%“q%mm_q(b_lH%S(b,q,m), Cy =

Taking logarithms gives

3 1
log F'(b,q,m) < logC’o—m—|—<2 )logb—I— logq+( —q(b—1)+§) logm
+log S(b, g, m). (7.17)
What we want to show is that log F'(b, ¢, m) < 0.
For S(b,q,m) in (7.16), let us define the set of admissible d; for (3.9) by
D={d€Zsy|d<m, d|b, m|dq}. (7.18)

Here,

eXp<deq_1 d):HeXp@zz—lxd) IO LA

deD deD deD t=0

When we extract the coefficient of 2™ on the right-hand side, the remaining terms are
precisely the products and sums over all {(d;,t;)} satisfying >, d;t; = m. Since each
d; € D, these satisfy (3.9). Thus, the expression coincides with (7.16). Therefore, by an
estimate similar to that used in (7.11), we obtain

S(b,q,m z™] exp (Z dm ) (7.19)

deD

and furthermore,

exp (ZdED d%d_le)

S(b,q,m) < T for all R > 0.
Define
m q b
=gced(m,q), dy=—, ¢ == b:=—.
g =ged(m, q), do U= i

Since m | n (= bq), we have dy | b, and hence b’ € Z.
As m | diq < dy | d;, the set of all d; satisfying (3.9) coincides with the set of integers
of the form

di=dor, 1<r<g, r|b.
Thus, (7.18) can be written as
D={dyr|1<r<g, r|V}
Focusing on the values of r, define
D.={r|1<r<g, r|lV}.
Then (7.19) becomes

5(b,q,m) = [2™] exp ( Z (dor) qur-_lxdw,) = [z™] exp < Z (dor) g 1$dor>

reD, reD,

= [z™] exp ( > (dor)q'”xd”> : (7.20)

reD,

Furthermore, for the parameters required in estimating S(b, g, m), set
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a=dl"t, B= > (der)”". (7.21)
r€Dp,r>2
In what follows, we proceed by considering the following cases according to the values
of b, ¢, and m.

(A) ID,| =1 (ie. D, = {1})

(A1) do = b
(A-2) m<b
(B) [Dy] =2
(B-1) B <g/2
(B-2) 5 >g/2
(B-2-1) m | g
(B-2-2) m1q

In each case, we proceed as follows:

(1) Find an upper bound G (b, ¢, m) satisfying log F'(b, ¢, m) < G(b, g, m) and containing
no factorials, summations, or products.

(2) Show that 9*G/Om?* > 0. Thus, for each pair (b,q), the function G is convex in
m, and consequently its maximum occurs at one of the endpoints of the admissible
range of m.

(3) Determine the range of (b, ¢) for which G is negative at all relevant boundary points
of m (namely, its minimum and maximum, and any junction points arising from
case distinctions).

In this way, we show that G < 0 holds except for finitely many exceptional cases.

For the finitely many pairs (b, ¢) for which G > 0, we proceed as in Proposition 7.3 and

explicitly find permutations = and y such that Aut ¥ = {1}.
(A) The case |D,| =1 (i.e. D, = {1}).

In this case, there is no r satisfying both 2 <r < g and r | b'.

Moreover, since dy | b, we have dy < b.

If dy = b, then b’ = 1, and hence D, = {1}.

If dy < b, assume m > b. Then taking r =V = b/dy (> 1) yields 2 < r < m/dy = g,

contradicting the assumption.

Therefore, when D, = {1}, we must have

do=b or m<b.
Since |D,| = 1, the only partition satisfying (3.9) is {(d;,t;)} = {(do, g)}. Hence,
(“8-1)g (54-1)s 4—9g
d, d dg

— _ 20 —

Substituting this into (7.15) and applying (7.4), we obtain

q—g
F(b,qg,m) < %m! b%“q%m—q(b—l)do_'
qg!

v m)™ oo =9
< 27rm( 6)2 erm %bgﬂqgmq(lyn (@)
g

= L—lb%“q%m*‘l(b*) (T> mye exp L1 .
3 e g 12m 129 +1

Since m > 2 and m > g, we have
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1 1 1 1 1 1 1
- < - - < =
12m  129g+1 7~ 12m 12m+1 12m(12m+1) — 12-2(12-241) 600

Therefore,

m— ety
l%@%wwéchﬁ“@%”ﬂwﬂ<ﬂ> g(@) § Op=§a%.
e g

Let G(b,q, m) denote the logarithm of the right-hand side. Then
1
G(b.gm) = logCy + (5 +1) logb+ (m — g)(logm — 1) + 5 (logm — log g)

3
+ 3 logq — q((b—2)logm + logg). (7.22)

(A-1) The subcase dy = b.
e.g. (b,q,m) = (3,2,3),(5,2,5),(3,4,3),(3,4,6),(7,2,7)

In this case, since dy = m/g = b, we have g = m/b and logg = logm — logb. Hence
(7.22) becomes

3
G(b7Q7m):1Og01+<2 +1>logb+m<1—g>(logm—1) —10gb+ logq
—q((b—1)logm —logb),

62G—b__1 i_|_1 >E g—i-l >0
om2  m \m b) =™ m \m b ’

Thus, for fixed b and ¢, the function G is convex in m. Since g = m/b > 1, we have
m > b; moreover, from m | n and m < n, it follows that m < n/2 = bg/2. Hence
b<m < bg/2.

Setting Hy(b,q) = G(b,q,b) and Hs(b,q) = G(b,q,bq/2), we obtain

G(b,q,m) < max{H;(b,q), Hy(b,q)},

and

where
3 3 1
Hl(b,q):10g01—b+1+§logq+ —(b—2)q—|—§b+§ log b,
0H, 3 3
= b—2)logh < — — (3 —-2)1
B0 % —(b=2)logb < 5— — (3 -2)log3 <0,
and

1
Hs(b,q) = logCy + g(b —1)(log2—1) + Z(—bq + 6g + 6) logb

1

+5(=alb—1) +3)logy,
OH, 3 1 3
—— = — 4+ —(b—1)(log2 —1 —b+1 —=b log b
2 2 L= 1)(log2—logg) — b+ +( Lht )og

3,1 3

3 1. 3

=2 14+ (—=2b+ 2 ) 1ogb.
TbF +( 4h+2>ogb

Let the right-hand side be g(b). Then
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5 1 3 D 3
() = -2 — -1 ERP 2 > 3).
g'(b) 1 40gb+2b 1 4og3+2 3<0 (b>3)
Hence g(b) is decreasing in b. Therefore
0H, 3 1 3
P @) =2 —34+1+ (—- 1
5. S9 =73+ +( 1345 >0g3<0

Hence both Hi(b,q) and Hs(b,q) are decreasing in gq. Therefore, neither exceeds their

value at ¢ = 2.
Since Hy(b,2) = Hy(b,2) = G(b,2,b), we obtain

9
log b.

b_
Glb.q.m) < G(b,2,6) = 105Cs + 5 log2 b+ 1~

Differentiating with respect to b, we have

d 3 logb 9 3  log3 9

dbG(be) 2 2 +Qb§ 2 2 +2 3<O (b=3).

Thus G(b,2,b) is strictly decreasing for b > 3, and direct computation shows that it

becomes negative for b > 6. Hence, in this range, we have G(b, ¢, m) < 0 for all ¢ and m.
For 3 < b < 5, taking into account that ¢ must be even whenever b is even, direct

computation shows that

Hi(3,k) (2< k <5),Hi(42),H(52) >0,
Hi(3,6), Hi(4,4), Hy(5,3) < 0,
Hy(3,k) (2 < k < 4), Hy(4,2), Ha(5,2) > 0,

Hy(3,5), Hy(4,4), Hy(5,3) < 0.
Since both H; and H, are decreasing in g, H; or Hy becomes non-negative only for
(b,q) = (3,2),(3,3),(3,4),(3,5),(4,2),(5,2). (7.23)
Therefore, when |D,| =1 and dy = b, inequality (7.14) holds except for these pairs.
(A-2) The subcase m < b.
e.g. (b,g,m) =(3,2,2),(5,2,2),(3,4,2),(6,2,3),(6,2,4),(7,2,2)
Differentiating (7.22) with respect to g gives

1 q
—(logm—-1)— — — =< —(log2—-1) - 0—-1<0,
29 g
therefore (7.22) is strictly decreasing in g.
Hence, letting G(b, ¢, m) denote the expression obtained by substituting g = 1, we

have
G(ba q, m) S G2<b q, m)

3
log01+<@+1> logb+ (m — 1)(logm — 1) + = logq
2 2
P 1
5 logm.
Moreover,
2 1 b—2)+43 1 3-2)+1
G _ 1 ab-2) 22_+CI( )t3
om?  m m? m m?

Thus G4 is convex in m. Since 2 < m < b, its maximum is attained at the endpoints
of this interval.
Setting
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Hl<b7 Q) = G2<b7Q72)7 H2(b) Q) = G2(67 q, b)a

we obtain
G(bvqam> S GQ(b>qam> S maX{H1<b7 Q),H2<b, Q)}a
where
3 3
Hi(b,q) =logCy + §—q(b—2) log2—1+210gb+§logq,
0H, 2 2
—— = —qlog2+ - < —2log2 + —
%% qlog —I—b_ og +3<07
( 3
0H, 3 3
— =—b—-2)log24+ —<¢ < —(3—-2)1log2 + — = > 3),
5y = (b= Dlog2+ i< ~(3-2log2+ 572 <0 (b=3,423)
3
< —(4—-2)]og2 + — b>4
< -(1-2)log2+ 57 <0 (b2 4)
and

3b+1 3
Hy(b,q) =logCy —b+ 1+ (T —q(b— 2)) logb + élogq,

0H, 1 3 2 1
5 5*@‘@““‘(“%)*%
<1+ 3—2 log3 —2 1—2 + L < 0,
=57\ \2 8 3) 9.3
0H, 3 3
2= _(b-2)1 2 < (3-92)1 ~_<o.
97 (b )0gb+2q_ (3 )0g3+2_2<0

Thus H; is strictly decreasing in b, and, except for the case (b, q) = (3,2), also strictly
decreasing in ¢. Similarly, Hs is strictly decreasing in both b and ¢. Direct computation
shows that

Hi(3,k) (2 <k <8),Hi(4,2), H:(5,2) > 0,
H1(3,9), Hi(4,4), Hi(5,3), H1(6,2) <0,
Hy(3,k) (2 <k <5), Hy(4,2), Hx(5,2) > 0,
Ha(3,6), Hay(4,4), Ha(5,3), Hy(6,2) < 0.

Therefore, when |D,| = 1 and m < b, inequality (7.14) holds except in the following
cases:

(b,q) = (3,k) (2 < k <8),(4,2), (5,2). (7.24)

(B) The case |D,| > 2.
In this case, since there exists an integer r such that 2 <r < g and r | ¥, we must have
g>2andb > 2.
Moreover, when (b, q) = (3,2), we have n = 6, and hence m = 2 or 3. In this case,
m=2 = g=2,0=3 = D,={1},
m=3 = g=1= D, ={1}.
Thus, for (b,q) = (3,2), we always have D, = {1}. Therefore, this pair can be excluded

from the present case.
From (7.20) we have
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S(b,q,m) = [z™] exp ( Z (dor)q/rlxdor>

T‘GDT
= [y’ eXP(Z (dor)q'r‘ly’”) (y = %)
reD,
d q’r—er
< eXp(ZTEDr( or) ) (for all R > 0).
R9
Therefore,
log S(b,q,m) < Z (dor)?"*R" — glog R (for all R > 0). (7.25)

T‘EDT
Using v and f3 defined in (7.21), we obtain, for 0 < R < 1,
log S(b,q,m) < aR+ BR* — glog R.

Differentiating the right-hand side with respect to R yields (26R?* + aR — g)/R, and
hence it attains its minimum at R = (—a + \/a? +85g)/(48). Taking a nearby point

R = \/8Bg/(4B) = /g/(2B) and setting

Ry = min{\/%, 1}, (7.26)

we have 0 < Ry < 1, and hence
log S(b,q,m) < aRy + BR: — glog Ry. (7.27)

(B-1) The subcase § < g/2.
e.g. (b,q,m) = (4,10,20), (4,12,24), (4,14, 28), (3, 19, 19), (3, 20, 20)

In this situation, we have Ry = 1 by (7.26). Since the sum /3 contains at least one term
with » > 2, we obtain

B= Y (dr)" =22 =2,
r€Dyp,r>2
and since 8 < g/2, we obtain g > 5, which implies ¢, m > 5.
Assume g = 5. Then:
e If ¢ is odd, then b is also odd, and therefore every divisor r > 2 of V' is at least 3.
Hence 8 > 3371 =9, but since 8 < g/2, this would force g > 19, a contradiction.
e If g is even, then ¢ > 10 since 5 | ¢, and we have ¢’ = q/5 > 2.
Therefore, 3 > 220~1 > 23 =8 > 5/2 = g/2, again a contradiction.
Thus we must have g > 6 (and in fact g > 19 when ¢ is odd). Consequently, ¢, m > 6.
We have

g < d(q)/_l = 1
5= Q) gy

and Ry = 1. Therefore, from (7.27) we obtain

IN

1
27

3 3 3

Substituting this into the right-hand side of (7.17), we obtain the following upper bound,
which we denote by G(b, g, m):

1 3 1
G(b,q,m) =log Co — Zm+ (% + 1) logb+§logq—|— <m—q(b— 1)+ 5) logm,
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and

¢ 1 qb-1) -1 1 6(B3-1)—1
aG:_+w>_+¥>o‘

om?>  m m? m m?
Thus G is convex in m. Since 6 < m < bg/2, the maximum of G over this range is
attained at one of the two endpoints.

Let Hy(b,q) = G(b,q,6), Hy(b,q) := G(b,q,bq/2), so that
G(b,q,m) < max{H;(b,q), Hy(b,q)},

where
13 3 3
Hi(b,q) = —q(b—1)+? log6—§+10g00+410gb+510gq,
0H, 4 4
2 < =z
9% qlog6+b_ 610g6+3<0,
0H, 3 3
1-0)1 — < (1-3)1 —
B = ( )0g6—|—2q (1-3) og6—i—2 6<0
and
b b 1
Hg(b,q):( Zq )logb—l—(—Eq+q+2)logq+(§q—q—§>log2
ogC’o— 8
0]—]2 q 8 3
—— == —2logb—41 — 4log2 + — —
% 8( og ogq— 3+ 4log +b)+26
<§ —2log3 —4logb —3+4lo 2—1—§ +i<0
=3 g g g 3 5.3
0H, b 1 1 5) 2
2o (1--)1 1—-b)1 “log2—<-) —log2+1+=
9 ( 4) ogb—|—< 26) 0gq+b(2 og 8) og2+ +q
3 1 1 5 2
<[(1--]1 1—--3)1 —log2——=) —log2+1+ = )
_( 4) og3—i—( 5 3) og6+3<2 og 8) 0g 2+ +6<O

Thus both H; and H, are strictly decreasing in b and ¢. Direct computation shows that
H,(3,6) <0,
Hy(3,6), Hy(3,7), Hy(3,8) > 0,
H(3,9), Hy(4,6) < 0.

Therefore, in the case |D,| > 2 and § < g¢/2, inequality (7.14) holds except for the
following pairs:

(b’ Q) :(37 6)7 (Sv 7)’ (37 8) (728)

(B-2) The Subcase 5 > g/2.

In this situation, we have Ry = \/g/(28) by (7.26). Since D, contains at least two
elements not exceeding g, we have g > 2, and since b’ has at least two divisors, we also
have v/ > 2.

Let po be the smallest prime divisor of ¥ = b/dy = bg/m and write the prime factor-
ization of O as

bl:pg’ pzkll (k217 p0<"'<pk717 6121)
Then
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Dy={r|1<r<g r|bt}={r=pfpl |0 fi<e;, r<g}
Fixing f1,..., fx_1, consider the py-adic chain
L pol, p3L, ..., pl (L=pl - plF), (7.29)

then every r € D, lies in exactly one such chain.
For § defined by (7.21), the ratio of two adjacent terms within the same chain corre-
sponding to r = pgol is

1. fo

fo+1 q fo+1 _ fo+1 q Py -1

(d p o+ l) -1 d p 0+ l (dopf0+ll) (po 1)pfol
(d pfol)q ploi-1 dopo l 0

pgpol l(d f0+1l) (po—l)pgol

> po_ (dopo)q '(po—1) _ dg’(po—l)pg’po—l

> 2%~ 1qf
Let this final expression be denoted by A. If M; is the largest value of (dor)?"~! within
the chain corresponding to [, then the total contribution ; of that chain satisfies

A
A-1
Let 7(b") denote the number of divisors of . Then we have
7)) =(eg+ 1) (ex_1 +1).

Moreover, it is well known that 7(0') < 2V
The number ¢ of the chains (7.29) is equal to the number of divisors of b’ that are not
divisible by py. Hence

B < M,

= 0 ) gy

€0 —|— 1 -
Therefore, if M denotes the largest value among the M;, then

A A
l l

Since M = (dyr)?"~! for some r € D,, and since every such r satisfies r < min{g,¥'} =
min{g, bg/m} = gmin{1,b/m}, we obtain

<dog>q’91=(§-g) —m ™ (m<b)

M < a.b9 4
N -1 _ E T e
(dot)" 7t = {do - (m >b)
0
Thus,
A A b
VTt = = [ et (m < b)
PR Ajzl ;” , (7.30)
—\/_Zr—1 — I pm=t (m>b)
— m

and in (7.25), for 0 < R < 1,
log S(b,q,m) < Y (dor)""'R" — glog R

T'GDT
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< aR+ BR* — glogR,

where o and 8 are defined by (7.21).
We can put R = Ry = /g/(25), and therefore

log S(b,q,m) < aRy + 6R3 — glog Ry
2
=« i—i—g(l#—log?ﬁ)

26 "2
_ g g
=a %+§(1+10g2+10g6—10gg). (7.31)

(B-2-1) The subcase m | g.
e.g. (byg,m) = (4,2,2),(3,3,3),(3,4,4),(6,2,2),(3,5,5)

In this case, we have 2 < g = m < ¢, together with dy = m/g =1 and b’ = b/dy = b.
Then

A=2%"1q0 = 9%~ > 9

A 2

< =2,
A—1—"2-1

g /1 g g

T gt L= ]S <
“Wap =M \a2g T V2=

and by (7.30),
2Vbma™t (m < b)
< .
oVbbml (m > b)

Therefore, by (7.31), for m < b we have

log S(b,q,m) <1+ g(l +log 2 + log 2Vbma™! — 10gg>

=1+ %(1 +log2 + 10g2\/5mq_1 — 1ogm>

1
= 1+%(1+210g2+§logb+(q—2)logm),
and for m > b we have

log S(b,q,m) <1+ g(l +log2 + log2\/l_)bbﬁq_1 — logg>

=1+ %(1 —i—log?—i—log?\/l_)bbﬁq_l —logm>

1
:1+T<1+210g2+ (b_q__) logb—logm).
2 m 2

Substituting these estimates into the right-hand side of (7.17) and denoting the resulting
quantity by G(b, g, m), we obtain

3 1
G(b,q,m) = logCo —m + (% —i—l) logb+§logq+ <m—q(b— 1)+ 5) logm

1
1+%<1+210g2+510gb+(q—2)logm) (m < b)
+

Y

1
1+T<1+210g2+ (b_q — —) logb—logm) (m >b)
2 m 2
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and

q2btm-2)-1_22-3+2-2)—1

92G Zy > 97 >0 (m<b)
om? ) 2q(b—1)+m—1_2-283-1)+2—1 '
> > b

2m?2 - 2m?2 >0 (m =)

Therefore, in both ranges m < b and m > b, GG is convex in m. Since 2 < m < ¢, we
need only evaluate G at m = 2 and m = ¢ when ¢ < b, and at m =2, m = b, and m = q
when g > b.

Let Hi(b,q) = G(b,q,2), Hy(b,q) = G(b,q,q), and Hs(b,q) := G(b,q,b). Then

maX{Hl(bv Q)a HQ(bv q)} (q < b)

G(b,q,m) < {maX{f’h(b, q), Hy(b,q), H3(b,q)} (q > b)'

Since m = 2 always satisfies m < b, we have

5 5) 3
Hy(b,q) =logCy + <—bq+2q—i— §> log2 + §logb—|— §logq,

OH, 5 5
o glog2 4 — < —2log2 + ——
B qlog +2b_ og +2‘3<O,
3
—(3—-2)log2+ —= <0 (b=3)
%z—(b—Z)logQ%—;g 2,8 .
d d ~(4=2)log2+ 575 <0 (b=4)

The last inequality holds because (b, q) # (3, 2).
When ¢ < b, note that (b,q) # (3,2) implies b > 4, and when b = 4 the integer ¢ must
be even, hence ¢ = 2. Under these assumptions we have

1 3 1
Hy(b,q) =logCy+ 1+ (10g2 — §>q+ (—q+ 1> log b + (—bq+ §q2 +q+2) log q,

4
0H, 3 1 3 1
T2 _ (2 <ol 2 Clog2) 42 <0
ab q(4b qu)+b— (4-3 Og)+3<’
0H, q 3 1 2
I Dlogq — b+ 4421 = 4log24 =
9 (=b+q+1)logq b+2+4ogb+2—|—og +q
( 2 3 1 2
:(—4+2+1)10g2—4+§+Z—llog4+§+log2+§<0 (b=4, ¢=2)
b—1 3 1 2
= —b+—+"= - - > —bh—1).
Ologqg — b+ 5 +410gb+2+10g2+b_1<0 b>5 g=0b-1)
b—2 3 1 2
k§—logQ—Z)JrTJrzlongr§+log2+§<0 (b>5,¢g<b—2)

When ¢ > b, we have

1 b 1 3
Hsy(b,q) =logCo+ 1+ (log?— §)q+ (_q +-q+ 1) logb + (—bq+ §q+2> log q,

> T
%2 _ 9 ogh—2logq+1+ ) +
b 2(°g 084+ +2b)+b
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é(log?) 210g3+1+2—13)+;>0 (b=gq=3)
9 logb—2logb+1+1)+l<0 4<b=q)
2 2b b - ’
b+ 1 1

—(10gb—210gb+1)+1+%)+E<O (3<b<q)

H. 1 3 2
0 2:< + )logb+< §)logq—b+1+log2+§

4
1 3 2
+Z>logb+( §>logb—b+1+log2+g

b 2
= <—§ 4>logb—b+1+log2+g

(23 T g3 —341+1082+ 2 <0 (b=3)

“\27) 8 %573 N
b 7 2 )

<|{—=+-)logh—4+1+1log2+-<0 (b>4)
2 4 4

\ <0

and

1 b 3 3 3
H3(b,q) =logCy+ 1+ <log2— §)b+ (—5614— 4b—|—q—|— )logb—l— —logq,

OHy _ (3 1\, o0 (1 1\ 1. .. 3

- 0 — - - — (o) - — o) -

b g 1) 08P\ Ty ) Ty T RE Ty
( 3 1 1 1 1 3

—(2-2.3)1 S log2 + ——— b=gq=3
(4 5 3) 0g3—|—3(3 2)+4+0g +23>O (b=gq )

4 2-3

1 1 1 1 3
g(%——-4)10g4+4(———)+ +log2+—<0 (b>4)
\

2 1 2)71 2.4
OH, b 3 3 3
95 _(1- 2 loghb+ > < (1-2)log3+ -2 <.
dq ( Q)Og +Qq—( Q)Og "33

1 1 1\ 1 3
§(§—§-4)10g3+4(§—§)+ +log2+ — <0 (b=3, ¢>D),

53

Therefore, except for Hy and Hj in the case b = ¢ = 3, all of Hy, H,, and Hj3 are decreasing

in both b and q.

Taking into account that ¢ must be even whenever b is even, direct computation gives

Hi(3,k) (3 <k < 13),H,(4,2), Hi(4,4), H,(4,6),

Hi(5,2), Hy(5,3), Hy(5,4), H(6,2), H1(7,2), H1(8,2) > 0,
H,(3,14), Hy(4,8), H,(5,5), H(6,4), H,(7,3), H;(9,2) < 0,
Hy(3,k) (3< k <7),Hy(4,2), Hy(4,4), Hy(4,6),

Hy(5,2), Hy(5,3), Hy(5,4), Hy(5,5), Hy(6,2), Hy(7,2), Hy(8,2) > 0,
Hy(3,8), Hy(4,8), Ha(5,6), Ho(6,4), Hy(7,3), Hx(9,2) < 0,
H3(3,k) (3 <k < 20), Hs(4,4), H3(4,6), H5(4,8), Hy(5,5) > 0,
Hs(3,21), H3(4, 10), Hs(5,6) < 0.
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Therefore, in the case |D,| > 2, 8 > ¢/2, and m | g, the inequality (7.14) holds except for
the following pairs:

(b,q) = (3,k) (3 <k < 20), (4.k) (k=2,4,6,8), (5,k) (2 <k <5),
(6,2), (7,2), (8,2). (7.32)

(B-2-2) The subcase m 1 q.
e.g. (byq,m) = (4,2,4),(6,2,6),(4,4,8),(8,2,4),(8,2,8)

In this case, since |D,| > 2, there exists an integer r € D, with 2 <r < gand r | V.

Moreover, since m 1 ¢, we have g = ged(m,q) < m, and since g | m, this implies
g < m/2. Therefore 2 < g < m/2, m > 4, and dy = m/g > 2. Furthermore, since
b=dyb > 2V and V/ > 2, we obtain b > 4.

Since D, contains such an r > 2, the sum in (7.21) contains at least one term with
r > 2, and hence

B= Y (dor)" " = (2dg)*" "

r€Dr,r>2

It follows that, in (7.31),

g ’_ g ’_ g 1 Y, _ g

R B A CURREERE e
<y Ao e e 9 o 5 Vm -

< (2o) \/g Qm\/; 2ym T 2y/m 4 (7.33)

A=22"1q1 > 221-1 .9l — g,

Ll
[

3

Since

by (7.30), we obtain

g<i3vm o (7.34)

(i) The subcase m < b.
By (7.31), (7.33), and (7.34), we obtain the following estimate for m < b:

4 /b
1+ log2 +log = 29 et log g
2 3Vm

3
g(l +3log2 —log3 + = (logb logg) + (q — 5) logm>. (7.35)

%\3

log S(b,q,m) <

Let the expression in parentheses be denoted by fi(b,q,m). Since 2g < m < b, it
follows that

1 b 3
fi(b,q,m) = 1—|—310g2—10g3+§10g—+ (q— 5) logm
g

1
> 1—|—310g2—10g3+§10g2+ (2—§> log2 > 0.

Therefore, applying the bound 2 < g < m/2 to (7.35), we obtain



REGULARITY AND AUTOMORPHISM GROUPS OF DESSINS WITH UNIFORM PASSPORTS 55

1
log S(b,q,m) < @ + %(1+310g2—10g3+ §(logb—log2) + (q— g) logm>
vm

m ) 1 3
=— 4+ —(1+=log2—-1 =1 — =1 .
1 + 4< —1—2 og og3—i—2 ogb+ <q 2) ogm)

Substituting this into the right-hand side of (7.17) and denoting the resulting expression
by G(b,q, m), we obtain

1
G(b,q,m) = logCy — m + (% —|—1> logb+glogq+ (m—q(b— 1)+ 5) logm

m m
Vi m

* 4 4

5) 1 3
(1+§10g2—10g3+§10gb+ (q—ﬁ) logm), (7.36)

and
O*G :2q+5+q(b—1)—%—% m _2b—1)—3— Vb
om? 8m m2
VHVE— ) =5 VGV ) -
m2 - m2
Thus G is convex in m. Since 4 < m < b, the maximum is attained at one of the boundary

points.
Setting Hy(b, q) .= G(b,q,4) and Hy(b,q) = G(b,q,b), we obtain

G(b,q,m) < max{H:(b,q), H2(b,q)}.
Substituting m = 4 into (7.36), we obtain

17 5 7 3
Hi(b,q) =logCy + (—2bq+4q+ 7) log2 —log3 — 5 + §logb—|— élogq,

0H, 7 7

- = — << =9. R

% 2qlog2 + 5 = 2 210g2+2.4 <0,

0H, 3 3
—— = (=2b+4)log2+ — < (-2-4+4)log2 + — .
94 (—20+4)log +2q_( +4)log +2'2<0

Substituting m = b into (7.36), we obtain

Vb 35 b 3 5 3
+310
9 g4,
OHy, —3q¢q+5 3 1 5 1 1 3 1
= log b — 4 = —log2 —-log3+ -+ —+ ——
ab i Og+<4+b>q+80g 1Ty T TS
—-3-24+5 3 1 5 1 1 3
< ——— log4 —— 4+ - )24 =log2— -1 -t — 4+ —
= 1 og +< 4+4) —|—8og 40g3+2+2-4+8\/1<0’
0H, 3 3 3 3
—~=(1—=b)loghb+ —<(1—--4)logd+ — < 0.
= (1= 1wy < (1 G ost o 7 <

Thus, both H; and H, are decreasing with respect to both b and q.
Noting that ¢ must be even whenever b is even, we compute the values as follows:

Hi(4,2), Hi(5,2) > 0,
Hi(4,4), Hy(5,3), H,(6,2) < 0,
Hy(k,2) (4 <k <9)>0,
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Hy(4,4), Hy(5,3), Hy(10,2) < 0.
Therefore, we have G(b,q, m) < 0 for all admissible (b, ¢, m), except when
(b,q) = (k,2) (4 <k<9).

(ii) The subcase m > b.
For m > b, we have the bound

V 4 |/ g
log S(b,q,m) < Tm+g<1+log2+log§ b—gb?n_l—logg>
m

2
vm g bg 1 1
=—4+=(1 log2 —1 — — =1 — =(1 1 . (7.
1 +2 + 3log og3+ 3 ogb 2(ogm+ogg) (7.37)

Let the expression in parentheses be denoted by fa(b,q,m). Since f5 is not necessarily
non-negative, we first consider the subcase fo(b, g, m) < 0.

(ii-1) The subcase m > b and f, < 0.
When f5(b,q,m) < 0, it follows from (7.37) that

log S(b,q,m) < @

Substituting this into the right-hand side of (7.17) and denoting the resulting expression
by G(b,q, m), we obtain

1
G(b,q,m) =logCy—m + <% + 1) logb+glogq+ (m—q(b— 1)+ —) logm + @,

2 4
and
PG 1 qb-D-L-tym _ab-1) -5 5\/¥
om? m m?2 = m2
Va(vab =1 —4/5) =3 vE(Vab-1) - 4y/h) -
= m2 > m2
V(B wig) ~VEh | VE(VE ) VRS
= > >0. (7.38)
m?2 m2

Thus G is convex in m. Since b < m < bg/2, the maximum is attained at one of the
boundary points.

Setting Hy(b,q) = G(b,q,b) and Hs(b,q) = G(b, q,bq/2), we obtain

b 3 3 3
Hy(b,q) zlogCg—i-% —b+ (—bq+§b+q—|— 5) logb+§logq,

O _ (3 Niogbs (L -1)qr i34 2
b \2 9)°8 1T % T v
3 1 3 1
<(Z-2)logd+ (-—1)-24-+-" 4 —
_<2 >0g +( ) +2+2'4+8\/4_1<0’

3 3
=(1-0)1 — < (1—-4)]og4d + —
( b)ogb+2q_( )log +2.2<0,

NS —

o,
dq

and
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b 1 g b b 3
Ha(b,q) = log Cy + <§q—q—§> 1og2+Tq—5q+ (—Zq+q+ )logb

b
(__q +q+ 2) log q,

% %( logb—210gq—3+2log2+§+i\/g>—l—;b
gZ(—log4—210g2—3+210g2+j—l—jl 422>+%<0

aa—}f Z( logb—4+210g2+i\/g+4lng)+<1—§)logq 10g2—|—1+§
§§(—log4 4+210g2+i %+412g4>+(1——)10g2—10g2+1+§
<0.

Thus, both H; and H, are decreasing with respect to both b and q.
Noting that ¢ must be even whenever b is even, we compute the values as follows:

H(4,2) > 0,
Hy(4,4), Hy(5,2) <0,
Hy(4,2) > 0,
Hy(4,4), Hy(5,2) < 0.
For (b,q) = (4,2), we have m = 2,4, and for those combinations f(b,q,m) is always

positive. Hence (b, q¢) = (4,2) does not fall into the present subcase, and we conclude that
G(b,q,m) < 0 for all (b, q,m) with m > b and f5(b,q,m) < 0.

(ii-2) The subcase m > b and f, > 0.
Since fa(b, ¢, m) > 0, applying the bound 2 < g < m/2 to (7.37), we obtain

v/ bg 1 1
logS(b,q,m)gTm+%(l+310g2—10g3+ (E_§) logb—i(logm—l—logZ))
vm D bg 1 1
= vT 1+ 2log2 —1 2 ) logh— =1 .
1 + : +2 og 0g 3 + 9 ogb 5 logm

Substituting this into the right-hand side of (7.17) and denoting the resulting expression
by G(b,q, m), we obtain

3 1
G(b,q,m)zlogco—er(Q+1>logb+ logq+< —Q(b—1)+§)logm

5 b
+@+%(1+§10g2—10g3+(%—§> logb——logm) (7.39)
and by the same type of estimate as in (7.38),
b
PG _ T ab—1) - gm ¢ gb—1) =5 —75\/% -
om?  8m m2 - m? '

Thus G is convex in m. Since b < m < bg/2, the maximum is attained at one of the
boundary points.
Setting Hy(b,q) = G(b,q,b) and Hs(b,q) = G(b, q,bq/2), we obtain
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G(b7 q, m) S maX{Hl(ba Q)v HQ(b7 Q)}
Substituting m = b into (7.39), we obtain

Hi(b,q) = logCy + % - Zb+§blog2— glog3+ (—qu+§b+q+ ;) logb + glogq,
851:_3i+510gb+(—2+%) 210g2—110g3—|—1+ ; +8\1/_
< #logélJr (—Z+i) 2+§10g2——10g3+ ; +i+ 8\1/_
(98_]1;1: <1—§1b)logb+%§ (1—%-4)10g4+%<0
Substituting m = bg/2 into (7.39), we obtain
Hj(b,q) = logCy + (;bq—q— —) log2 — b8q log3 — gb + \/zT

b 3 9
+ <_§q +q+ ) log b+ (——qu+q+2> log g,

0H, q 16 /2 3
— 21 —91 — 14log2 — 21 — — —
5% 16( ogb—9logg — 8+ 14log og 3 + b + b )
2 3
§1—6< 2log4 —9log?2 — 8+1410g2—210g3+—+ > —4 0,

0H, b 2 16logb
2logb — 15+ 14log2 — 2log3 + 4/ —
8q 16( og + 14 log 0gs + by + b )

2 9
+1—-log2+ -+ | —=—=b+1|logq
q 16

4 2 16log4
< — | —2log4d — 15+ 141log2 — 21og 3
< 16( og + 0og ogsd + 4.2+ 1 )

2 9
+1—10g2+§+(—E 4+1)10g2<0

Thus, both H; and H, are decreasing with respect to both b and q.
Noting that ¢ must be even whenever b is even, we compute the values as follows:

Hi(k,2) (4 <k <9)>0,
Hi(4,4), Hi(5,3), H1(10,2) < 0,
Hy(k,2) (4 <k <9), Ho(4,4), Hy(5,3) > 0,
Hy(4,6), Hy(5,4), Ho(7,3), Hy(10,2) < 0.
Therefore, we have G(b, ¢, m) < 0 except for
(b,q) = (k,2) (4 <k<9),(4,4),(5,3).

Combining the results of (i), (ii-1), and (ii-2), when |D,| > 2, 8 > g/2, and m { g, the
inequality (7.14) holds for all pairs except the following:

(b,q) = (k,2) (4 <k <9),(4,4),(5,3). (7.40)
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By combining all the five cases (7.23), (7.24), (7.28), (7.32), and (7.40), we have shown
that (7.14) holds for all pairs (b, q) except the following:

(3,k) (2 <k <20),
(4,2),(4,4), (4,6), (4,8),
(5,2),(5,3), (5, 4), (5,5),
(6,2),(7,2),(8,2),(9,2).

For each of these exceptional pairs, direct computation shows that there exists a per-
mutation y such that, with z = (1 2 ... n) fixed, the automorphism group is trivial; see
Table 3 and Table 4.

When (b, q) = (3,2), the monodromy group G = (z, y) has order 120 and Cg, (G) = {1}.
For all remaining (b, q) pairs, the group (x,y) is equal to S, or A,. Since Cg, (S,) =
Cs, (A,) = {1}, the automorphism group is trivial for each such pair (z,y).

Thus, we conclude that every passport [n,b?,n] of genus > 2 with b > 3 and ¢ > 2
admits at least one dessin with a trivial automorphism group. U

To find elements y such that (z,y) = S, or A, for x = (1 2 ... n), we applied
Theorem 7.4, as in the case of b = 2.

For a permutation y of cycle type (b9), assume that G = (x,y) has no blocks with
respect to any residue class of a divisor m of n = bq with 2 < m < n, and that G contains
an element w of cycle type (p,) for a prime p,, < n — 3. Then G = S,, when n is even,
and G = A,, when n is odd.

A list of such examples of y and w obtained by computation is shown in Table 3 and
Table 4. As in Table 2, we completed this table by generating random permutations y of
cycle type (b7) and searching for an element w satisfying the required conditions among
the elements of (z,y).

When (b,q) = (3,2), the monodromy group never becomes Sg. Instead, it can be a
group of order 120, in which case the automorphism group is trivial. A dessin realizing
this case is shown in Figure 10. This is the same dessin as the one shown in the lower
right of Figure 5 in Section 1.3.

x=(123456),y=(124)356)
|G| =120, AutD = {1}

FIGURE 10. A dessin with trivial automorphism group having passport [6, 32, 6]

7.5. Passports [n,b?,n]
Combining the results of this section, we obtain the following theorem.
Theorem 7.6. If a uniform passport [n,b?,n] (¢ > 1) has genus at least 2, then it admits

a dessin d’enfant with a trivial automorphism group.
The same statement holds for the passports [b,n,n] and [n,n, b?].
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Yy
b
‘TeT  w@y  Jpafw
(124)(356)
°1 2 [1e0] 1
5| 3 (124)(368)(597)
Ao [ rIyryry” [ 5 [ (14952)
3| 4 (11011)(247)(359)(6128)
S12 [ yryxr yryr’ [ 7 [ (191011124 3)
3| 5 (136)(2108)(479)(5 11 15)(12 13 14)
A1s [ 2 yryixiy x [ 11 [ (184691013152 12 14)
3] 6 (11310)(274)(3169)(5 15 11)(6 14 17)(8 12 18)
S1s [ 2ryryriy’c® [ 13 [ (1674291114516 17 15 12)
e (11316)(267)(345)(82018)(91921)(1012 17)(11 14 15)
Ao [ wyfa®ya®y  [17[(12171013 181281521 14 11 6 20 9 16 3)
3| s (11722)(2824)(31523)(4620)(5 12 18)(721 9)(10 14 16)(11 19 13)
Saa | wyx®ya®y*wyayx [ 19 [ (218231920178 76 159 11 5 22 10 21 13 3 24)
3| o (12624)(2922)(31715)(41227)(520 8)(6 21 19)(7 13 10)(11 18 14)(16 23 25)
Aor | 2Pya®yx®y [ 17](2103722131191915412202485 14)
3| 10 (11330)(2829)(357)(42812)(621 14)(9 19 24)(10 22 23)(11 16 26)(15 27 20)(17 18 25)
Sz0 [ ya®ywya®y®x [ 23 [ (1105182027428 92430 111312261629 2172217 1538)
3111 (12412)(227 32)(3 2031)(42926)(519 14)(6 33 10)(7 15 11)(8 21 22)(9 18 28)(13 16 23)(17 25 30)
Ass [ 2®y"a”ya®y’s [29[(161323172917332528325 111424816 26 10 27 320 30 9 23 22 15 19)
3| 19 (11512)(22925)(3 17 18)(4 26 35)(5 16 13)(6 34 8)(7 30 27)(9 31 14)(10 24 33)(11 20 23)(19 21 36)(22 28 32)
Sae | Tyzyroy? [31 [ (127241041952931625172320222811367211821326393430351216)
3| 13 El 26 18)()2 125)(31115)(43031)(6 21 13)(7 19 14)(8 32 34)(9 17 25)(10 37 29)(16 24 33)(20 27 35)(22 28 39)
23 36 38
Azg | zyPa®y?x®y®r [ 31 [ (134291219324718211538143911251020242662852236321613358
I
3| 14 (14122)(2404)(31633)(531 10)(6 35 21)(7 36 13)(8 30 12)(9 20 15)(11 24 17)(14 23 37)(18 25 42)(19 39 26)
(27 28 29)(32 34 38)
Saz | xy’ryr®y’r®y |37 ] (2293739282492621 124113317 38201032365 40353316623 14 4 27 22
42 19 25 8 11 15 3)
3| 15 (1405)(2296)(3199)(42127)(72645)(82834)(10 16 33)(11 23 41)(12 20 25)(13 37 24)(14 15 18)(17 38 42)
(22 35 30)(31 32 36)(39 43 44)
Aus yratyZa? 41 [(141233016422633375632351425117436338939203115438224445
34 28 13 10 21 24 19 29 17 40)
3| 16 (1414)(23320)(3822)(52446)(6 36 32)(7 47 16)(9 27 41)(10 34 30)(11 12 23)(13 45 37)(15 48 35)(17 43 26)
(18 39 28)(19 44 42)(21 38 29)(25 40 31)
Sis | yryryZryryry®s | 43 | (12141748234033933447537201019263263128182948432 134445
17 30 24 22 38 14 12 16 25 15 27 42)
3| 17 (14023)(2329)(32422)(446 34)(531 11)(6 12 18)(7 51 39)(8 33 16)(10 21 29)(13 30 41)(14 25 19)(15 50 17)
(20 43 47)(26 27 36)(28 42 48)(35 38 49)(37 44 45)
Asi | wy®2Pyryxyx | 47 [ (11345305149 2350 152763428 182936244331 19463840 14373374717
21 4122262520825 161211 10 9 39 35 44 48)
3| 18 (1428)(22023)(32511)(542 54)(67 38)(8 45 47)(9 34 21)(10 52 40)(12 32 29)(13 37 35)(14 26 27)(15 44 17)
(16 51 22)(18 19 43)(24 53 36)(30 41 50)(31 33 48)(39 46 49)
Ssa | yxy zy’zy®ry | 47 | (148532473 1713213936534229 18 413427516528 1135437232216 44
2 45 50 49 28 26 12 24 25 15 40 19 9 31 33 10 20)
3| 19 (13350)(22034)(336 19)(4 56 25)(5 32 38)(6 22 30)(7 15 57)(8 53 41)(9 12 47)(10 39 14) (11 55 52)(13 26 45)
(16 43 28)(17 44 24)(18 49 37)(21 27 29) (23 42 40)(31 35 46)(48 54 51)
As7 Syr’yzy® 53 | (144 5443405347385514194556263 17 15362 51 10 35 31 1322 3725 50 18
42 33 7 8 16 48 46 20 11 34 41 28 24 52 9 23 29 30 12 27 49 56 21)
3 | 20 (1635)(2817)(3 46 54)(4 14 29)(5 50 48)(7 51 52)(9 28 26)(10 55 56) (11 34 59)(12 24 36)(13 57 37)(15 42 19)
(16 23 60)(18 21 31)(20 22 45)(25 53 33)(27 32 39)(30 49 40)(38 47 41)(43 44 58)
Seo | yxylry*xy®ry | 53 | (14145234471213248392945 11954556 57 624 60 30 21 37 18 44 33 22 38
46 36 23 59 20 32 8 55 40 15 51 42 49 17 16 19 53 43 28 35 26 50 31)
4l o [(1627)(3485)
Ss | yery’x [ 3 ]@B75)
4| 4 [(14815)(231016)(5 14 7 12)(6 13 11 9)
Si6 | YTy [13] (213481416127 10 311 9 15)
46 (120116)(2241513)(323 18 22)(41778)(51016 14)(9 19 12 21)
Sps | 2®yPa’y®a® [ 19[(238519242341511 918166 21 17 13 22 10)
4l s (129828)(2 1526 14)(3 32 9 13)(4 2231 18)(527624)(7 17 19 12)(10 25 30 20)(11 23 21 16)
Sz | a%y%2®y’x [29](1302113241832231211271545328620172291029219312587)

TABLE 3. Elements y such that Aut 2 = {1} forb=3,4 (x =(12 ... n))
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Y
ble G [ w(z,y) [ Pw [ w
519 (121085)(37496)
510[ yxyx [7[(1397865)
5|3 (111 1258)(29103 4)(6 14 7 13 15)
A | yayz |11 ] (2514387131046 11)
5|4 | (18216 13)(31917 10 20)(4 11157 12)(5 6 9 14 18)
Seo | aya’yz |17 [ (12062541410 19 18 17 16 7 8 13 3 15)
5 | 5 | (18192421)(2137 1217)(361849)(5 152225 11)(10 16 23 20 14)

Ags [ wy?ay?ey?ey® [ 17 [ (12110251516 18823 11725 20 9 24 6)

(1957106)(23412811)

S12 [ ryrtyx [ 3 [ (4510)

(141411126 9)(210385 13 7)

S| yfay’z [ 11][(11187125394132)

(114491115813)(27105 16 12 3 6)

Sie | ya®y® |13 (2745131512116 10169 8)

(1103159521217)(411 131816 14 7 8 6)

Sig | @ya’y’a’yx [13 [ (1641213141589 10115 3)

TABLE 4. Elements y such that Aut 2 = {1} forb>5(x=(12 ... n))

Proof. Since the automorphism group is symmetric with respect to black vertices, white
vertices, and faces, it suffices to prove the statement for the passport [n,b?, n| (n = bq).
By (2.4), the genus is

n—(1+q—|—1)+1:n—q:q(b—1) >
2 2 2

Therefore, we have b > 2.
The case b =n (¢ = 1) was proved in Proposition 7.1.
The case b = 2 was proved in Proposition 7.3.
The case 3 < b < n (¢ > 2) was proved in Proposition 7.5. U
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