REGULARITY AND AUTOMORPHISM GROUPS OF
DESSINS D’ENFANTS WITH UNIFORM PASSPORTS

TATSUYA OHNISHI

ABSTRACT. For a smooth projective algebraic curve defined over a number field, one
can associate a bipartite graph known as a dessin d’enfant.

In this paper, we investigate the regularity and automorphism groups of dessins
d’enfants with uniform passports, that is, those for which the valencies of black ver-
tices, white vertices, and faces are constant, and study how these properties depend on
the genus. Uniformity does not imply regularity or the existence of nontrivial automor-
phisms.

Our main results are as follows: (1) A passport of the form [a?,b?,n] (the unicellular
case) admits a regular dessin if and only if ged(p, ¢) = 1. (2) Every passport of the form
[n,b%,n] of genus at least 2 admits a dessin with a trivial automorphism group.

In addition, we obtain several results on uniform passports of genus 0 and 1. We also
establish two theorems on the enumeration of elements in symmetric groups, which are
useful for the study of automorphism groups of dessins.
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1. Introduction

1.1. Belyi’s Theorem and Dessins d’Enfants

Theorem 1.1 (Belyi’s Theorem). [Bel79][Bel02][JW16, Theorem 1.3] Let X be a compact
Riemann surface, that is, a smooth projective algebraic curve in the complex projective
space PY for some N. Then X can be defined over the field of algebraic numbers Q if
and only if there exists a nonconstant meromorphic function f: X — C (= CU {o0})
ramified over at most three points.

Everything begins with this striking and deep theorem. As a consequence of this result,
for any compact Riemann surface defined over a number field, one can choose a suitable
function § (called a Belyi function) such that all its critical values are contained in a set
of at most three points.

By composing g with an appropriate Mobius transformation, we may assume that all
its critical values are contained in {0, 1,00}. For such a pair (X, 3) (called a Belyi pair),
one can draw a bipartite graph called a dessin d’enfant (child’s drawing), or simply a
dessin (see Definition 2.1).

The dessin for (X, 3) is drawn on an orientable surface of the same genus as X, where
the black vertices (o) and white vertices (o) represent 371(0) and 37%(1), respectively.
The embedded graph is 571([0, 1]). Its edges are the closures of the connected components
of 371((0,1)), and its faces are the connected components of X \ 371([0,1]). Each face is
homeomorphic to an open disk and contains exactly one point of 37!(c0).

By studying the properties of dessins d’enfants, one can combine insights from alge-
braic geometry and combinatorics, including graph theory, to enrich both subjects. This
perspective also opens up a range of possibilities for further applications. R

Two examples of dessins d’enfants are shown in Figure 1. In the left example, X = C
(of genus 0) and 8 = —2%(32 — 5)/(5z — 3), hence the dessin is drawn on a sphere. The
preimage 371(0) consists of the points 0, 5/3 with valencies 4 and 1, respectively; 571(1)
consists of the points 1, (—2 =4 /5i)/3 with valencies 3, 1, and 1; and 3~*(c0) consists of
the points 3/5, oo with valencies 1 and 4.

In the right example, X is the curve defined by z3 + y3 = 23 (the Fermat curve of
degree 3 and genus 1) in P%4, and 8 = 2%/23. Let (3 denote a primitive cube root of
unity. This dessin has three faces corresponding to the points [1,—1,0], [1, —(3,0], and

[1>_C§’O]'

FiGURE 1. Examples of dessins d’enfants

The number of edges of a dessin coincides with the degree of the Belyi function. Note
that the degree of a Belyl function is defined as the number of points in the preimage of a
noncritical value; this degree should be distinguished from the degrees of the polynomials

1 Some references (such as [JW16]) represent 3~'(0) by white vertices and 8~'(1) by black vertices. In
this paper, we adopt the convention used in many classical references.
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used to express 8 in coordinates. In the right-hand example, the map g: X — C has
degree 9, although the numerator and denominator in the homogeneous expression § =
23 /2% both have degree 3.

Two dessins Z and 2’ are said to be isomorphic if there exists an orientation-preserving
homeomorphism between the underlying surfaces that induces an isomorphism of the
embedded bipartite graphs, preserving vertex colors and the cyclic order of incident edges
at each vertex. Equivalently, if (X, 5) and (X', 5’) are the corresponding Belyi pairs, then
2 and &' are isomorphic if and only if there exists a biholomorphic map ¢: X — X’ such
that f' o p = f.

For a dessin d’enfant, one can define an action of the absolute Galois group G =
Gal(Q/Q) [JW16, 4.2.1]. Given a dessin & associated with a Belyf pair (X, ) and an
element o € G, we denote by (X7, 57) the pair obtained by the action of o on X and .
We then denote by 27 the dessin corresponding to the Belyi pair (X7, 37).

Although 27 has the same number of edges and the same passport (i.e. the same
list of ramification indices) as &, the incidence relations between vertices may change.
Consequently, 27 need not be isomorphic to Z as a dessin.

The action of G on the set of all dessins is faithful; that is, for any two distinct elements
of G, there exists a dessin whose images under these elements lie in distinct isomorphism
classes. Therefore, the study of Galois orbits of dessins provides a powerful tool for
investigating the structure of the absolute Galois group.

1.2. Regularity and Automorphism Groups

Regularity and the isomorphism class of the automorphism group are invariant under the
Galois action. A dessin is said to be regular if its monodromy group (see Definition 2.4)
acts regularly (that is, freely and transitively) on the set of edges. From a geometric point
of view, the automorphism group of a dessin is the group of deck transformations of the
associated Belyi covering. Equivalently, it can be identified with the centralizer of the
monodromy group in the symmetric group acting on the edges.

By studying regularity and automorphism groups, one can gain insight into the symme-
try properties of a dessin d’enfant. The order of the automorphism group always divides
the number of edges of the dessin, and the equality of these two numbers is equivalent
to the dessin being regular. Thus, the structure of the automorphism group provides a
precise measure of the symmetry exhibited by the dessin.

Figure 2 shows two dessins of genus 1 with the same passport; that is, they have the
same valency list: each has 8 edges, two black vertices of valency 4, four white vertices of
valency 2, and two faces of valency 4. Although both dessins may appear highly symmetric
at first glance, the left dessin is regular, whereas the right one is not. The automorphism
group of the left dessin has order 8, while that of the right dessin has order 4.

x=(1234(5678),y=(1526BNE8) x=(12345678),y=( 3)Q2 5476 8)
GEAut95C4XC2 GE(C4XC2)>4C2,AUt9§C2XC2

FI1GURE 2. Regular and nonregular dessins with the same passport

Thus, regularity and automorphism groups may differ among dessins with the same
passport. However, they are invariant under the action of the absolute Galois group.



4 TATSUYA OHNISHI

They therefore play an essential role in the study of families of dessins lying in the same
Galois orbit.

Furthermore, regularity and automorphism groups have a significant impact on the
relationship between the field of moduli and the field of definition.

For a dessin d’enfant & corresponding to a Belyi pair (X, /3), the field of moduli M () is
defined as the fixed field of the subgroup G(2) ={oc € G | 72 = 27} < G. That is, M(2)
is the subfield of Q consisting of those elements that are fixed by every automorphism o
for which the conjugate dessin 27 is isomorphic to Z.

A number field K is called a field of definition of & if both X and [ can be defined
over K. Unlike the field of moduli, a field of definition of Z need not be unique, and
there need not exist a smallest field of definition.

The field of moduli depends only on the isomorphism class of & and is contained in any
field of definition of . However, the field of moduli is not always a field of definition. For
certain important classes of dessins, including dessins with trivial automorphism groups
and regular dessins, the field of moduli is a field of definition [SV16][CJSW13].

In this paper, we investigate the existence and distribution of regular dessins and dessins
with trivial automorphism groups among dessins with uniform passports. The facts above
provide an additional motivation for this study.

1.3. Uniform Passports and Dessins

A dessin d’enfant is said to be uniform if the valencies of black vertices, white vertices,
and faces are each constant. One also says that it has a uniform passport (or uniform
valency list).

Uniformity expresses a local combinatorial regularity: the valencies of the black vertices,
white vertices, and faces are constant within each class. Every regular dessin is uniform,
but the converse does not hold. Uniformity alone does not imply the existence of any
nontrivial global symmetry; a uniform dessin may even have a trivial automorphism group.
In contrast, regularity is a global symmetry condition.

As an example, consider uniform passports [a?, b?, ¢"|, where n = pa = bg = re¢, and
suppose that n = 6. By symmetry among black vertices, white vertices, and faces, we
may assume ¢ > a > b (equivalently, r < p < q).

In genus 0, the uniform passports are [6, 1%, 6] and [23, 2%, 3%]. The corresponding dessins
are shown in Figure 3. In both cases, the dessins are regular.

[6,15,6] [23,23,32]
FiGURE 3. Uniform dessins d’enfants of genus 0, degree 6

In genus 1, the uniform passports are [3% 23 6] and [3?,3?,3?], and the corresponding
dessins are shown in Figure 4. The dessin on the left is regular, whereas the one on the
right is not. The automorphism group of the right-hand dessin has order 2, which is
strictly smaller than 6.
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[32,23,6] [32’ 32’ 32]
F1GURE 4. Uniform dessins d’enfants of genus 1, degree 6

For genus at least 2, the only uniform passport is [6,32, 6], which has genus 2. There
are four dessins with this passport, shown in Figure 5. The orders of their automorphism
groups are 6, 3, 2, and 1, respectively, from the upper left to the lower right. Only the
upper-left dessin is regular; the others are nonregular, and the lower-right dessin has a
trivial automorphism group.

F1GURE 5. Uniform dessins d’enfants of genus 2, degree 6

1.4. Related Work

The study of regularity and automorphism groups of dessins d’enfants has been ap-
proached from several complementary perspectives, including group-theoretic construc-
tions, topological realization results, and arithmetic considerations, particularly in the
presence of uniform or highly symmetric combinatorial data. We briefly recall some rele-
vant results in these directions.

Jones [Jonl4] shows how, for a finite two-generated group G, regular dessins with
automorphism group GG can be enumerated, represented as quotients of a single regular
dessin U(G), and analyzed under the action of certain hypermap operations. Examples for
several classes of groups, such as the cyclic group C,,, the dihedral group D,,, the symmetric
group S,, the alternating group A,, and certain nonabelian finite simple groups, are
provided.

Complementarily, Hidalgo [Hid19] proves that for every faithful action of a finite group
G by orientation-preserving homeomorphisms on a closed orientable surface of genus g >
2, there exists a dessin whose automorphism group is isomorphic to G and which realizes
the corresponding topological action of G.

Girondo, Torres-Teigell, and Wolfart [GTTW14] investigate the arithmetic and moduli-
theoretic properties of uniform dessins on quasiplatonic surfaces, that is, curves admitting
a regular dessin. In the arithmetic quasiplatonic setting they consider, they show that
the field of moduli of a quasiplatonic curve is remarkably stable: not only does the curve
itself descend to its field of moduli, but the same field also serves as the field of moduli
for all uniform nonregular dessins arising from nonnormal inclusions of surface groups in
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triangle groups on that curve. Moreover, under additional hypotheses, these dessins can
in fact be defined over this field.

Horie [Hor24] studies the enumeration of equivalence classes of dessins whose auto-
morphism groups have a prescribed order r. The focus is on dessins with two vertices,
which necessarily have passports (valency lists) of the form [n!, n', \] with A F n. Explicit
enumeration formulas are obtained for two cases: (1) dessins with L faces, that is, with
[(A) = L; and (2) dessins with h faces of boundary length 2 (that is, valency 1 in our
convention). These formulas sum over face partitions satisfying the specified condition,
rather than fixing the entire passport.

The works discussed above approach dessins through group-theoretic enumeration, the
realization of group actions on surfaces, arithmetic questions of descent, and enumeration
under combinatorial constraints. The present paper focuses on prescribed uniform pass-
ports: we study the existence of regular dessins and dessins with trivial automorphism
group, and examine how these properties depend on the genus.

1.5. Purpose and Main Results

By computing automorphism groups of uniform dessins d’enfants and examining their
regularity, one observes a tendency for the proportion of regular dessins to decrease as
the genus increases.

This naturally leads to the following questions:

For a given uniform passport,

e Under what conditions do regular dessins d’enfants exist, and how many are there?
e How are the automorphism groups distributed?
e How does this distribution change with the genus?

In response to these questions, we formulated the initial conjectural picture summarized
in Table 1, where n denotes the number of edges of the dessin.

Genus Aut 7 = {1} |1 < [Awt Z| < n | |[Aut Z| = n (regular)
0 NEY) CY) v @D
1 (with an (n)-cycle) O - @ v O
1 (without an (n)-cycle) ) v® o
> 2 (with > 2 (n)-cycles) v o v ®
> 2 (with <1 (n)-cycle) v v o
v': always occurs, — never occurs, <: depends on the passport.

In this table, we assume that n > 2. If n = 1 is allowed, the unique dessin with passport
[1,1,1] belongs to both the Aut 2 = {1} column and the |Aut 2| = n (regular) column.

TABLE 1. Original conjectural picture for automorphism groups of uniform passports

Asterisks (*) indicate statements that were conjectural in the initial version of this
work. The numbers in parentheses refer to the corresponding items listed below.

Remark 1.2. Our subsequent work produced counterexamples to some of the conjectural
statements (*) in this initial picture. Together with the results of this paper, our subse-
quent work [Ohn26a, Ohn26b] establishes that every uniform unicellular passport of genus
at least 2 admits a dessin with trivial automorphism group.
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(1) Genus 0: all uniform dessins are regular and have automorphism groups of order n,
isomorphic to their monodromy groups.

(2) Genus 1: a uniform passport admits a nonregular dessin if and only if none of its
three components is (n).

(3) Genus 1: no uniform passport admits a dessin with a trivial automorphism group.

(4) Genus > 2: original conjecture: every uniform passport admits a dessin with a
trivial automorphism group, and hence admits a nonregular dessin. Moreover, if
the passport has at most one entry equal to (n), then it also admits a nonregular
dessin with a nontrivial automorphism group.

(5) Any genus: a passport of the form [a?, b?, n], or any permutation thereof, admits a
regular dessin if and only if ged(p, ¢) = 1.

The main contribution of this paper is to provide proofs, in the following form, for
statement (5) and for certain cases of statement (4).

Theorem 6.1. For a uniform passport [a?,b%,n| (p,q > 1), there exists a reqular dessin
d’enfant with this passport if and only if ged(p,q) = 1.
The same statement holds for the passports [a?,n,b?| and [n,a?, b9].

Theorem 7.6. If a uniform passport [n,b,n| (¢ > 1) has genus at least 2, then it admits
a dessin d’enfant with a trivial automorphism group.
The same statement holds for the passports [b,n,n] and [n,n, b?].

For the proof of Theorem 7.6, we make use of the relationship between the primitivity
of the monodromy group of a dessin and the triviality of its automorphism group. This
approach is useful for investigating the distribution of dessins with low symmetry.

The above results describe the occurrence of regular dessins and dessins with trivial
automorphism groups within uniform passports. Dessins in both classes can be defined
over their fields of moduli.

In addition, we provide proofs of (1) (Proposition 4.1), (2) (Proposition 5.1), and
(3) (Proposition 5.2), as well as a proposition concerning regularity based on properties
of abstract groups (Proposition 6.3). Although the proofs of these propositions are
straightforward, we could not find them explicitly stated in the literature. For complete-
ness, we therefore provide proofs here.

We also establish the following two theorems concerning enumeration in symmetric
groups, which are needed to determine the distribution of dessins with trivial automor-
phism group.

In the following theorem, let T'(b,q) denote the number of permutations in the sym-
metric group S,, with cycle type (b7), and let N (b, q) denote the number of permutations
y € S, of cycle type (b?) such that zy has cycle type (n).

Theorem 3.3. Let n > 3 be an integer such that n = bq, with b > 2, and assume that
n=gq (mod 2). Firx= (12 ... n) €S,. Then

Nb.a) 2
T(b,q) ~n+2

In particular, the inequality becomes an equality when b = 2.

Theorem 3.5. Fizxz = (12 ... n) € S,. Among the elements y € S, of cycle type
(b9), the number of those for which G = (x,y) becomes an imprimitive group with respect
to residue classes modulo m (m | n, 2 < m < n) is given by
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dq t;

m

v =5 ()" 2 T | ey )

{11

where the summation on the right-hand side is taken over all partitions {(d;,t;)} of m
satisfying

Zditi =m, d; are all distinct, d; | b, m | d;q for all i.

In light of the results obtained in our subsequent work, two directions remain for
future research. First, although the existence of a dessin with trivial automorphism
group has now been established for every uniform unicellular passport of genus at least 2
[Ohn26a, Ohn26b], it remains to characterize when a uniform non-unicellular passport
[aP, b?, "] with p,q,r > 2 admits such a dessin. It would also be desirable to determine
the conditions under which a uniform passport admits a nonregular dessin with nontrivial
automorphism group. Second, more quantitative results on the distribution of regular
dessins and automorphism groups remain to be obtained.

2. Preliminaries
The definitions and results in this section are based primarily on [JW16] and [APZ20].

Definition 2.1 (Dessin d’enfant). [JW16, Definition 2] A dessin d’enfant, or simply a
dessin, is a map consisting of a connected, finite, bipartite graph embedded in a connected,
compact, oriented surface without boundary. Here, a bipartite graph is a graph whose
vertices can be colored black and white in such a way that each edge joins a black vertex
to a white vertex.

Since a compact Riemann surface provides a suitable surface on which a dessin d’enfant
can be embedded, one can draw a dessin corresponding to a Belyi pair (X, 3), as described
in Section 1.1.

A partition X of a positive integer n, denoted by A F n, is a multiset of positive integers
whose sum is n, where the order of the parts is irrelevant.

Definition 2.2 (Passport of a dessin). [APZ20, Definition 2.10] Let n be the number
of edges of a dessin d’enfant. The triple [Ag, A\, Ao] of partitions Ag, A\, Aoo = 1, which
correspond respectively to the valencies of the black vertices, the white vertices, and the
faces of the dessin, is called a passport of the dessin.

The dessins in Figure 1 have passports [41, 312, 41] and [33, 33, 33], respectively. Through-
out this paper, we use the standard abbreviated notation for partitions: for example,
41 = (4,1), 312 = (3,1,1), and 33 = (3,3, 3).

Since A\, A1, A\ are partitions of n, we have

Aol = [M] = [Asc] = m, (2.1)

where |A| denotes the sum of the parts of the partition A.

The numbers of vertices, faces, and edges are [(A\g) + (A1), [(Ax), and n, respectively,
where [(\) denotes the number of parts of the partition A\. Therefore, Euler’s formula
gives

1(00) +1(\) +1(Ass) —n = 2 — 2,
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where ¢ is the genus of the underlying curve X. Hence

n— ([(A) +1(A) + 1))

= 1. 2.2
g 5 + (2.2)

Since ¢ is a nonnegative integer, it follows that
I(Xo) +1(M) +1(A) S +2, 1(N) +1(A1) +1(Ao) =n (mod 2). (2.3)

Note that not every triple of partitions satisfying (2.1) and (2.3) is realized by a dessin
d’enfant. For example, although [2%, 22 31] formally satisfies these conditions and would
yield genus 0, there exists no dessin with this passport. Similarly, the passport [3?, 32, 42],
which would correspond to genus 1, admits no dessin.

These facts can be proved by showing that there exists no corresponding monodromy
group (see Definition 2.4) in each case.

Definition 2.3 (Uniform passports and dessins). [JW16, Remark 3.2] The passport of a
dessin d’enfant given by [Ao, A1, Aeo] = [a1 -+ @y, b1---by, ¢1--- ¢, is called uniform if
alz...:a/p’ blz"':b(ﬁ 01:"‘267-,

i.e. if the passport takes the form [a?, b7, ¢"].

A dessin d’enfant is called uniform if it has a uniform passport.

For a uniform passport [a, b?, ¢"| with n = pa = gb = rc, realized by a dessin of genus ¢,
equation (2.2) gives

p+q+r—n=2-—2g, (2.4)

and hence

g:"_(p;rq”)ﬂ. (2.5)

Definition 2.4 (Monodromy group of a dessin d’enfant). [JW16, 2.1.1] Define two per-
mutations x and y acting on the set of edges E of a dessin d’enfant & as follows. For
each edge e € E, define x - e and y - e to be the next edges around the unique black vertex
and the unique white vertex incident to e, respectively, following the counterclockwise
orientation.

The monodromy group of 2 is the subgroup G = (x,y) generated by x and y in the
symmetric group Sym(FE) of all permutations of E.

Since a dessin d’enfant is connected, it follows that any edge in F can be mapped to
any other edge by the action of G. Therefore, the monodromy group G acts transitively
on F.

Remark 2.5. Throughout this paper, permutations act on the left, and products are com-
posed from right to left, i.e. (zy)-e=x- (y-e) for an edge e.

Another important observation concerning the monodromy group is that, in addition to
x and y encoding the cycles of the black and white vertices, respectively, the permutation
z = (zy)~! encodes the cycles corresponding to the faces. If a cycle of z has length c,
then the corresponding face has valency ¢ in the passport. Equivalently, the boundary of
a face of valency c traverses 2c edge-sides, counted with multiplicity.

It is known that if a transitive permutation group G < Sym(F) on a finite set £ is
generated by two elements, then there exists a dessin d’enfant whose monodromy group
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is G; this follows from the correspondence between constellations and ramified coverings
of the sphere [LZ04, Proposition 1.2.15 and Construction 1.2.17].

Therefore, studying groups that act transitively is essential for investigating the prop-
erties of dessins d’enfants and, consequently, of algebraic curves.

Definition 2.6 (Regular dessins). [JW16, 2.1.2] A dessin d’enfant is called reqular if its
monodromy group acts freely (that is, semiregularly) on the set of its edges.

This implies that the monodromy group of a regular dessin acts freely and transitively
— hence regularly — on its edges.

The following criterion relates the order of the monodromy group to the number of
edges.

Lemma 2.7. A dessin d’enfant with n edges is reqular if and only if the order of its
monodromy group s n.

Proof. Let & be a dessin d’enfant with n edges. Denote the set of edges by E and the
monodromy group by G. Since G acts transitively on F, for any e € E and for any ¢’ € F|
there exists at least one element of G sending e to ¢/, and hence |G| > n.
When 2 is regular, since G acts freely on E, for each e,e’ € E there is at most one
element of G sending e to €', hence |G| < n. Therefore, in this case we have |G| = n.
Conversely, when |G| = n, for each e, ¢’ € F there is exactly one element of G sending
e to €, hence G acts freely on E, which means that 2 is regular. O

Definition 2.8 (Automorphism group of a dessin d’enfant). [JW16, 2.1.2] For a dessin
d’enfant & with edge set E, an automorphism of & is a permutation of I/ that preserves
the cyclic order of edges around each vertex, that is, which commutes with x and y, or
equivalently, commutes with G. Thus we can define the automorphism group of & as the
centralizer:

Aut 7 = Csymp)(G) = {c € Sym(E) | cg = gc for all g € G}
= {c e Sym(F) | cx = xzc, cy = yc}.
When Aut 2 = {1}, it is said that & has a trivial automorphism group.

Since (z,y) = (x,z) = (y,2), where z = (xy)~!, both the monodromy group and
the automorphism group are invariant under permuting the roles of black vertices, white
vertices, and faces.

The automorphism group of a dessin d’enfant has the following properties:

e Aut Z acts freely on the edges of 2.
e |Aut 7| divides the number of edges.
e If |Aut 7| equals the number of edges, then Aut 7 = G.

The following proposition is a basic result describing the relationship between regularity
and automorphism groups.

Proposition 2.9. A dessin d’enfant & is regular if and only if its monodromy group G
18 1somorphic to Aut 4.

Proof. See [JW16, Theorem 2.1]. O

This also implies that a dessin d’enfant 2 is regular if and only if |Aut 2| equals the
number of edges.
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Note that regularity does not imply G = Aut Z; in general these groups act on the
edges of the dessin in different ways.

Proposition 2.10. If a dessin d’enfant is reqular, then it has a uniform passport.

Proof. A proof can be found in [GGD12, Proposition 4.42]. For the reader’s convenience,
we include another proof.

We prove the contrapositive. Suppose that the dessin Z is not uniform. Then Z has
either two black vertices, two white vertices, or two faces whose valencies are different.

Since regularity is symmetric with respect to black vertices, white vertices, and faces,
we may assume without loss of generality that these are black vertices. Let these vertices
be A and B, and let their valencies be [ and m, with [ < m.

Under 2!, all the edges around A are mapped to themselves, whereas none of the edges
incident to B is fixed. Hence 2! # id, and there exist at least two distinct elements of
G that fix the edges around A. Therefore, G does not act freely on E, and & is not
regular. 0

The converse of this proposition does not hold in general. Thus, uniformity is necessary
but not sufficient for regularity. This fact is one of the main topics of this paper.

Example 2.11. The uniform passport [42,2%,4?] (genus 1) corresponds to the two dessins
shown in Section 1.2, Figure 2. The dessin on the left is regular, and both its monodromy
group and its automorphism group are isomorphic to Cy x Cy, the direct product of cyclic
groups of orders 4 and 2, respectively. In contrast, the dessin on the right is not regular;
its monodromy group is isomorphic to (Cy x C3) x Cy and has order 16, whereas its
automorphism group has order 4 and is isomorphic to Cy x Cj.

We also recall the notions of primitive and imprimitive groups, which will play a role
in investigating when a dessin has a trivial automorphism group.

Definition 2.12 (Block in a group action). [DM96, 1.5] Let G be a group acting tran-
sitively on a set E. A nonempty subset S of E is called a block for G if for each g € G
either g- S =S or (g-S)N S =0.

Every group acting transitively on E has F and the singletons {e} (e € E) as blocks.
These are called trivial blocks. Any other block is called nontrivial.

In other words, a block is a subset that is always moved as a whole under the action of

G.

Definition 2.13 (Primitive and imprimitive groups). [DM96, 1.5] Let G be a group
which acts transitively on a set E. G is called primitive if it has no nontrivial blocks on
E; otherwise G is called imprimitive.

3. Estimates for the Symmetric Group

In order to investigate the behavior of automorphism groups in genus at least 2 (see
Section 7), we need to obtain estimates for the number of permutations in the symmetric
group S,. In this section, we prove two theorems (Theorems 3.3 and 3.5) that provide
lower and upper bounds for quantities related to monodromy groups.
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3.1. Elements of Cycle Type (V9)

Let z = (12 ... n) € S, and assume that n = bg, where b,q € Z~,. We define the
following subsets of .S,,:

e T'(b,q): the set of permutations in S, with cycle type (b9), that is, permutations
consisting of ¢ disjoint cycles of length b;

e N(b,q): the set of elements y € T'(b, q) such that zy has cycle type (n);

e [(b,q): the set of elements y € T'(b, q) such that G = (x,y) is imprimitive.

Note that the condition y € T'(b, q) with zy of cycle type (n) is equivalent to requiring
that z = (zy)~! has cycle type (n), since xy and (xy)~! have the same cycle type.

In addition, for a divisor m of n with 2 < m < n, let I,,(b,q) denote the subset of
I(b,q) consisting of those elements y for which G = (x,y) is imprimitive with respect
to the partition of {1,...,n} into residue classes modulo m; that is, the residue classes
modulo m form a system of blocks for G.

Hereafter, we use the same notation to denote the number of elements in a set (for
example, the number of elements of T'(b, q) is denoted by the function T'(b, q)).

Proposition 3.1. The number of elements in S, of cycle type (b7) (n = bq) is given by

n!

T(b,q) = bgl

Proof. 1f we write an element of cycle type (b7) as

(a1...ap)(@ps1 - a2) - (A(g—1)p+1 - - - Ogp),

then there are n! possible arrangements of these numbers. Among them, the following
duplications occur as permutations:

e the cyclic rotations within each of the ¢ cycles of length b, contributing a factor of

b9,
e the ¢! arrangements of the ¢ cycles themselves.
Hence, we obtain T'(b, q) = n!/(blq!). O

3.2. Lower Bound for N/T

A useful tool for computing the values of N(b,q)/T(b,q) is the following theorem from
[GS98].

Theorem 3.2. Let A\ = (A\,...,\) and = (1, ..., pm) be partitions of n. Define the
genus associated with the pair (X, 1) by

n—(+m)+1
2 9

g:

and assume that g € Z>.

Let ¢}, denote the number of solutions (o, p) € Cy x C,, to the equation op = 7, where 7
is a fized n-cycle in S,,. Here Cy and C,, denote the conjugacy classes in S, corresponding
to A and p, respectively. Then cf,, is given by

n - Mk
R l+2g, — 1 200 — 1 .
=t X (42— Dimr2e- Y H(QW)H@W)

91,9220 (i1, 0)Fg1 k=1
g1t+92=9g (J15--,Jm )Fg2
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Here p E n denotes a weak composition of n, that is, a finite sequence of nonnegative
integers summing to n, where the order of the terms matters. We adopt the convention
that (Z) =0ifb>a.

Moreover, for a partition X = 11 ---n
define zy = [, cu!i%.

Qn

, where «; denotes the multiplicity of i, we

Proof. See [GS98, Theorem 2.1]. O
Using this theorem, we establish a lower bound for N(b,q)/T(b,q).
Theorem 3.3. Let n > 3 be an integer such that n = bq, with b > 2, and assume that
n=gq (mod2). Firx=(12 ... n)€S,. Then
T(b,q) ~n+2

In particular, the inequality becomes an equality when b = 2.

Proof. In Theorem 3.2, for the passport [n,b?,n|, we have A = (n'), [ = 1, p = (b?), and
m = q. Moreover, the genus is given by g = (n — ¢)/2 = q(b — 1)/2. Hence,

oL ! T ’
N(ba Q) - c(n)(bq) — bqq!22g Z (2g1)(292 ta 1) (291 + 1) ( Z H <2jk +1 .

gg1_;_ggz 209 J15ee5dq)Fg2 k=1
1 2=,

Since T'(b, q) = n!/(b%q!) by Proposition 3.1, we obtain

N 1 n . b
— = ! — 1! E | |
T = g 2 (2020 +a-1) <2g1 + 1) G <2jk + 1)‘

ggljrggzzog 1,--,Jq)Fg2 k=1
1 2=

For the terms involving g; and gs in the outer summation, we have

! (291)!(292 + q — 1)!( ) - %(291)!(292 +q—1)!

n!
(292 +q —1)!
(291 +1)(n — 291 — DI
Since g1 + g2 = g = (n — q)/2, we have ¢ = n — 2¢g; — 2g2. Hence,

n!
(291 + 1)!(n —2g; — 1)!

n
291 +1

22 +q-1D! (202 + (n— 291 — 2g5) — 1)!
(291 +1)(n — 291 — 1)! (291 +1)(n — 291 — 1)!
1 1

2 +1 2(g—go)+ 1

Therefore,

%:%22@——;)“ | Z ﬁ<2jkb+1> (g:n;q)'

Let

then
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N 1 A,

= 929 Na—ar) +1°
T 2% = 2(9 — g2) +1

[(b—1)/2]
— (23 + 1>
ql(b—1)/2]

= Y Apa® Ay, =["]Be),
92=0
where [292] P,(x)? denotes the coefficient of 292 in Py(z)?.

Consider the polynomial

<.

Then we may write

Moreover,
L(b-1)/2] b b b
b b 1 b b
— — [ _ _1 [
> (0= 2 (=52 () -x()
j=0 1=1 1=0 1=0
I: odd
1
=51+ D' —(1-1)") =21 (3.1)
Therefore,
ql(b—1)/2]
Z Ay = )4 = — 9ab=1) _ 929
g2=0

If we define 7(g2) = Ay, /2%, then

ql(b—1)/2]
7(g2) = 1.

92=0
Hence, 7(gs) can be regarded as a probability mass function.
Since

E:Li#:i%
T 2% =0 2(9—g2) +1 a2=0 2(9—go) + 1

if a random variable X follows the probability distribution P(X = go) = 7(g2), then N/T
can be expressed in terms of its expected value as

N 1
7= laa) .
On the other hand, since
L(bzl):/% ( .b ) g
= 27 +1
we can define a random variable J by
(o50) |
P(J=j) = 2?,_1 0<j<[(b- 1)/2” (3.3)
0 (otherwise)
Let Ji,...,J, be independent random variables following this distribution, and define

Sq:=J1+ -+ J;. Then
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Fsime= Y I[Po=w=gam X 10(,,0,) =52 =

Jit++jg=g2 k=1 J1t+ig=g2 k=1

Therefore, S, follows the same probability distribution as in (3.2). Then we have

N 1
—=E|—————]. 3.4
T {2(9_311)"*_1} (34)
Here,
1 L(6—1)/2] b
B[] — . I .
[J] Z] P(J =j) = 5 Z ](2j+1>
Jj=0 j=0
1 kK—1/b
= S Z 5 <k;) (k=2j+1)
K odd
L (BY_ L (0
o > L)% > L) (3.5)
k=1 k=1
k: odd k: odd
From (3.1),

Moreover, starting from
b

I+a) =) (Z) o

k=0
differentiating both sides with respect to x and then multiplying by x gives

br(1+z)° Zk:( )ﬁ:ék(i)xk

Substituting = 1 and = = —1 respectively, we obtain
(b (b (b
20=1p = =
ISUHED ARSI
k=1 k=1 k=1
k: odd k: even

b b b b b

0= k k k .
2= o)+ 2 )

Subtracting these two equations and dividing by 2, we obtaln

b
217—1 _
> k(Z) = # — 2072, (3.7)

From (3.5), (3.6) and (3.7), we obtain

20=2p 2071 p—2
E|J] = — = . :

Hence,
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_ g =2) qb=1) g¢(b=2) bg _n
9—E[S] =9 —qE[J] =g VR IR ERE
For (3.4), consider the function f(x) =1/(2(g —x) +1) (0 <z < g). Then,
f(x) = E > 0.

(2(g —2) +1)°
Hence, f(z) is a convex function. By Jensen’s inequality, we have

ﬂ:EU@MZf@WﬁZQ@—ﬁ@D+1

T
12
S 2:241 n+2

In particular, when b = 2, it follows from (3.8) that E[J] = 0. As the random variable
J is always nonnegative by (3.3), in this case we conclude that J = 0. Consequently,
Sy =J1+ -+ J, =0. Therefore, by (3.4),
N 1 1 1 2 2
T [29-S)+1] 2g+1 2,901 g+1 2q+2 n+2

When b > 3, by (3.3), we have

Since Ji, ..., J, are independent, it follows that
P(S,=0)=P(J=0)?>0,
P(S,=1)=qP(J=1)PJ=0)"">0.

Hence S, is not constant. On the other hand, the above function f(x) is strictly convex.

Therefore, Jensen’s inequality is strict, and hence

N RS, > FEIS,) = —

T n+2
Therefore, equality never holds for b > 3.
Thus, the inequality is sharp, and equality holds precisely when b = 2. 0]

3.3. Computation of [,

In order to find an upper bound for I(b,q)/T(b,q), we divide the problem according to
the divisors m of n with 2 < m < n.

Lemma 3.4. Let G < S,, be a subgroup containing x = (1 2 ... n). If the natural action
of G on E ={1,...,n} is imprimitive, then every nontrivial block of G is of the form

n
Bm,j:{ja Jj+m, g+2m, ..., j+<E_1)m}

for some divisor m of n with 2 < m < n and some 1 < j < m, where the elements are
taken modulo n.

Moreover, the cyclic subgroup H = (x) has all of the above sets B,,; as its nontrivial
blocks.
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Proof. In the following, the elements of E are taken modulo n.

Let B C E be a nontrivial block of G. Since B has at least two elements by Defini-
tion 2.12, we may choose j, j+d € B with j € E and 0 < d < n. Then 2¢ € G and
x?.j = j+d e B. Hence, since (z?- B) N B # 0, it follows from Definition 2.12 that
2% B = B.

Applying 2 once more, we obtain z¢- (j +d) = j + 2d € B. Repeating this argument,
it follows that

{j+kd|keZs} CB.

Let mg = ged(n,d). Since (z?) = (z™), we have 2™ - B = B.
Working modulo n, we have

{j+kd|k€Z20}:{]+/{?mo|/€EZZ()}

= {j, j+mo, j+2mo, .., j+ (m10—1>m0}
= By -
Hence,
B, C B.
If B,,; € B, we may choose j +d € B\ B,,,; with my 1 d. Applying the above
argument again, we obtain z% - B = B and
{j+kd |keZs} C B,
and hence
By U{j+kd | k€ Zs} C B.
Let m; = ged(mg,d’). Then m; | n and we obtain
By U{j+kd | k€ Zso} C{j+Ekmo+Ed |k E € Zso}
={j+km |k €Zsy} =By, ;.
Moreover, since 2™ - B = B, x¥ - B = B, and (z™,z%) = (2™, we have
z™ . B =B.
Hence B,,, ; C B. Since mg 1 d’, we have m; < my, and therefore
Binyj & Bm,,j C B.

=g

This procedure can be repeated, and at each step m; strictly decreases. Hence the
process terminates. Consequently, we eventually obtain

Bm,j - B

for some divisor m of n with m < n.

If m = 1, then B = E, which is not a nontrivial block. Therefore, we must have
2<m < n.

The argument above applies to H = (z), hence every nontrivial block of H is also of
the form B,, ;. Conversely, let m and j satisfy m | n, 2 <m < n, and 1 < j < m. For
any ¢ € H, we have

xd-BmJ:{]%—d, j+m+d, j+2m+d, ..., ]+<E—1>m—l—d}:BmJ+d.

If m | d, then B, j+q = B, j, since for each 0 < k < n/m — 1, there exists 0 < k' <
n/m — 1 such that j + km +d = j + k'm. Hence 2% - B,, ; = By .
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If m 1 d, then for each 0 < k < n/m — 1, we have j + km + d # j + k'm for any
0 <k <n/m—1. Hence (2% By, ;) N By, j = 0.

Therefore, each B, ; satisfies the defining condition of a block of H. Since 1 < |B,, ;| =
n/m < n, every By, ; is a nontrivial block of H. d

By the above lemma, G = (z,y) is imprimitive if and only if (y) admits the residue
classes modulo some m | n (2 < m < n) as a block system. Equivalently, y € I,,, (see
Section 3.1).

We now consider what kinds of such y can occur, taking the case (n,b, ¢, m) = (18, 3,6, 6)
as an example. In this case, the blocks are the residue classes of {1, ..., 18} modulo 6. Let
these blocks be By, ..., Bs (where By = {6,12,18}). The permutations y that preserve
the partition into these blocks fall into the following three types:

(1) (By By By)(By By By)(B3 Bs B3)(By By By)(Bs Bs Bs)(By By By)
eg. (17 13)(2 14 8)(39 15)(4 10 16)(5 17 11)(6 12 18)

(2) (By By Bs)(By By Bs)(By By B3)(By Bs By)(By Bs By)(By Bs By)
e.g. (1215)(789)(13 14 3)(4 5 6)(10 17 12)(16 11 18)
and those obtained by permuting the blocks.

(3) (By By By)(By By By)(Bs Bs B3)(By Bs By)(By Bs By)(By Bs By)
e.g. (1713)(2814)(3159)(1056)(4 17 12)(16 11 18)
and those obtained by permuting the blocks.

In case (1), all permutations are performed within the same blocks. In case (2), the six
blocks are divided into two groups of three, and permutations are performed within each
group according to a fixed order. Case (3) represents a mixed type of the previous two.

These correspond to the partitions of m = 6: (1) 1 x 6 = 6, (2) 3 x 2 = 6, and (3)
1 x3+3x1=6. If there are ¢; cycles, each involving d; distinct blocks, then ). d;t; = m.
For the permutation to cycle within each group of d; blocks, it must hold that d; | b.
Furthermore, since each block (which contains n/m = bg/m elements) must rotate its
elements in units of b/d;, it must also hold b/d; | bg/m, i.e. m | d;q. The partitions of 6
satisfying these conditions are {(d;,t;)} = {(1,6)},{(3,2)},{(1,3),(3,1)}, corresponding
precisely to the three types described above.

Theorem 3.5. Fixx = (12 ... n) € S,. Among the elements y € S, of cycle type (b9),
the number of those for which G = (x,y) becomes an imprimitive group with respect to
residue classes modulo m (m | n, 2 < m < n) is given by

dzq ti

Im(b,q) = (( >> (; Hdtltv dzqv ’

where the summation on the right-hand side is taken over all partitions {(d;,t;)} of m
satisfying

Zditi =m, d; are all distinct, d; | b, m | d;q for all i. (3.9)

Proof. By Lemma 3.4, it suffices to count the permutations y of cycle type (b7) that
preserve the partition into residue classes modulo m. Let y be the permutation induced
by y on the m blocks, and let ¢; be the number of cycles of length d; in y. Then ) . d;t; = m

Since y® = id, we have 3’ = id. Hence every cycle length d; of 3 divides b. For a
block B belonging to a d;-cycle of 7, the restriction of y% to B consists of cycles of length
b/d;. Since each block contains n/m = bq/m elements, we also have b/d; | bq/m, that is,
m | d;q. Thus, y determines a partition of m satisfying (3.9).



REGULARITY AND AUTOMORPHISM GROUPS OF DESSINS WITH UNIFORM PASSPORTS 19

Fix a partition {(d;,t;)} of m satisfying (3.9). We first count the possible induced
permutations 7. There are m! ways to arrange the m blocks. For each i, we divide by d’
to account for cyclic rotations within each of the t; cycles of length d;, and by ¢;! to account
for the ordering of these cycles. Thus, the number of possible induced permutations is

m!
Hi d?ti!.
Fix one cycle of length d; in ¢, and write its blocks as By, ..., By, in cyclic order, with

a fixed choice of B;. The restriction o = y%|p, must have cycle type ((b/d;)%%/™). By
Proposition 3.1, the number of choices for o is

b dig )
@w)- (8) (s

Once ¢ is fixed, the bijections y|p,: B; — Bj;; for 1 < j < d; can be chosen indepen-
dently. The final bijection y|p 4, Ba, = Bi is then uniquely determined by the condition

(3.10)

y%|p, = 0. Since each block contains n/m elements, these choices contribute a factor of
((n/m)N)4~1. The resulting permutation on By U---U By, has all its cycles of length b.
Thus, the number of choices on these d; blocks is

()"
P .
b\ ™ (di
()7 (%)
For each 7, the induced permutation ¢ has t; cycles of length d;, and the choices on the
corresponding disjoint unions of blocks are independent. Combining these counts with
(3.10) and summing over all partitions {(d;,t;)} satisfying (3.9), we obtain

ti
n d;
. , (2)) )
(b, q) Z m! H dtzt' i (n = bq).
{(diti)} (dﬁ) " ()
Using ), d;t; = m, we have

(G = (G = ()"

(2

M(-L) = (L) ="t
A\ ~\b I

Factoring out these terms and m!, we obtain

In(b,4) = bq<< ) ZHdtt' dj‘)! | -

{(disti)} 1

B

4. Genus 0

From this section onward, we study the regularity and automorphism groups of uniform
dessins d’enfants by genus.
In the case of uniform dessins d’enfants of genus 0, the situation is simple.
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Proposition 4.1. Every uniform dessin d’enfant of genus 0 is reqular, and its automor-
phism group is isomorphic to its monodromy group and has order n (the number of edges).

Proof. Let a uniform dessin d’enfant of genus 0 have the passport [a?,b?,¢"| with n =
pa = gb = rc. Since regularity is invariant under permutations of black vertices, white
vertices, and faces, we may assume ¢ > a > b (and hence r < p < q).

Since the genus is 0, by (2.4) we have

n o n o n
ptqgt+tr=—+—-+-—=n+2,
a b c
and hence
1 1 1 2
o4 S=142>1
a b ¢ n

Since ¢ > a > b, it follows that b < 3, and therefore b =1 or b = 2.
When b =1, we have

1 2

a ¢ n
which implies

r 2

P r_2

n o n o n
and hence

p = r = 1

Therefore, the passport is [n, 1", n].
When b = 2, the integer n is even, and we have
1 1 1 2 1

a ¢ 2 n 2
Since 2 < a < ¢, it follows that a = 2 or a = 3.
e When a = 2, we have ¢ = n/2, and hence the passport is [2, 2™ m?| (with n = 2m).
e When a = 3, we have ¢ = 6n/(n + 12). The pairs (n, ¢) satisfying this equation are
(12,3), (24,4), and (60, 5).

From the above, all uniform dessins d’enfants of genus 0 are included in the following:

[n,1",n], [2™,2™, m?] (n = 2m), [3% 20,34, [35 212,49, [3%°2% 5!, (4.1)
The dessins corresponding to these passports are shown in Figure 6. They correspond

to the shapes of a star, an n-gon, a tetrahedron, a hexahedron, and a dodecahedron,
respectively.

FiGURE 6. Uniform dessins d’enfants of genus 0

It is easy to show that no other dessins exist for the passports listed in (4.1), and that
their monodromy groups and automorphism groups are isomorphic. These groups are C,,
(the cyclic group of order n), D,, (the dihedral group of order 2m), A, (the alternating



REGULARITY AND AUTOMORPHISM GROUPS OF DESSINS WITH UNIFORM PASSPORTS 21

group of degree 4), Sy (the symmetric group of degree 4), and As (the alternating group
of degree 5), respectively?. Therefore, all uniform dessins d’enfants of genus 0 are regular.

Moreover, by Proposition 2.9 and Lemma 2.7, it follows that the automorphism group
of every uniform dessin d’enfant of genus 0 is isomorphic to its monodromy group and
has order n. 0J

Thus, when restricted to genus 0, regularity and uniformity are equivalent.

5. Genus 1

An explicit analysis of regularity and automorphism groups of genus-1 uniform dessins
indicates that, except for passports containing a partition of the form n!, all such passports
appear to admit nonregular dessins, while trivial automorphism groups appear not to arise
in genus 1. In this section, we prove these statements.

In general, for a dessin d’enfant & whose valencies of the black vertices, the white
vertices, and the faces have least common multiples a, b, and ¢, respectively, we consider
the triangle group

A=Aa,bec)=(X,Y,Z| X =Y"'=2°=XYZ=1).
Then, for the monodromy group G = (z,y) of & defined in Definition 2.4, one can define
an action of A on the edge set F of & via the group homomorphism
o: X x, Yy Z— (vy)

so that G may be viewed as a quotient of A.
For a dessin d’enfant & with a uniform passport [a?, b7, ¢"] with n = pa = ¢b = re, the
corresponding triangle group is A(a,b,c). If 2 has genus 1, then by (2.4) we have

n n o on
ptq+r=—+—-+—=n,
a b c
and hence
1 1 1
-4+ -+ -—-=1.
a b ¢

This case is referred to as the Euclidean case of triangle groups. In this case A is infinite.
Assuming a < b < ¢, the only possible triples are

(a,b,c) = (2,4,4), (3,3,3), (2,3,6).
Hence the uniform passports of genus 1 are exactly
(2% 4™ 4™, [3™,3™,3™], [2°™,3%™,6™] (m € Zsy),
together with the ones obtained from these by permuting the three parts.
For these passports, if we set
d = max{a, b, c},

then d = 4, 3,6, respectively, and the number of edges of the dessin (equivalently, the
degree of the associated Belyi function) is always md.

Consider a triangle ABC' in the Euclidean plane with angles ZA = 7/a, /B = w /b, and
ZC = w/c. The generators X, Y, Z of the triangle group A correspond to the following
rotations of the whole plane:

2 By exchanging black vertices and faces, the passport [4%,2'2,38] corresponds to an octahedron and
[512,239 329] to an icosahedron; their monodromy (and hence automorphism) groups are S; and As,
respectively.
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: 27 :
X : rotation by — about the point A,
a
: 27 .
Y : rotation by 5 about the point B,

27
Z : rotation by — about the point C.
c

Fix an edge e € E, and let
Ac={oceAlo-e=c¢}
be the stabilizer of e in A. Then we have
[A:A] < oo.
Moreover,
2 is regular <— A,<A. (5.1)

See [JW16, Theorem 3.13].

Moreover, A, is torsion-free. Indeed, every nonidentity finite-order element of A is
a rotation about a vertex of the triangle tessellation. Since every such vertex is a A-
translate of A, B, or C, such an element is conjugate to a nonidentity power of X, Y, or
Z. Since X, Y, and Z act on the edges with cycle types (a?), (b?), and (¢"), respectively,
no such element fixes an edge. Hence A, is torsion-free.

A contains as a normal subgroup the group 7 = Z? consisting of all translations in A.

We fix the vertices as A = (0,0) and B = (1,0), and choose the remaining vertex C,
the translation subgroup 7', and the quotient A/T as follows:

o A=A(2,4,4):
C:(0,1), T: (u,0)— (ut2k, v+20) (k1€Z), AJT=C, (5.2)

o A=A(3,3,3):
C: (%,?), T: (u,v) — (u—l—%(k—l—l), v—l—?(k}—l)) (k,leZ), (5.3

AJT = O,

o A =A(2,3,6):
C: (0@) T: (u,0) > (u+ 3k +1), v+ V3(k—1) (k1€Z),  (54)

AJT = Cj

In each case, the elements of A fall into the following categories:

(1) the identity transformation;

(2) rotations about a point;

(3) translations (elements of T\ {id});

(4) rotations about a point composed with a translation, which are equivalently rota-
tions about some other point.

Every nonidentity element of A\ T is a finite-order rotation. Hence every torsion-free
subgroup of A is contained in T'. Therefore A, < T, and we obtain

A:A]=[A:T]-[T:AJ=d-[T:A.

On the other hand, since the action of A on F is transitive, the orbit-stabilizer theorem
gives

[A:A] =|E| = md.
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Combining these equalities yields
T : A =m. (5.5)
Using the results above, we obtain the following proposition.

Proposition 5.1. A uniform passport of genus 1 admits a nonreqular dessin if and only
if none of its three entries is n'.

In other words, the genus-1 uniform passports [22™, 4™ 4™] [3™ 3™ 3™], [3%™ 23m 6™,
and those obtained by permuting their entries admit a nonreqular dessin if and only if
m > 2.

Proof. When m = 1, (5.5) implies A, = T". Since T'<A, by (5.1), the corresponding dessin
is always regular.

When m > 2, (5.5) shows that A, is a subgroup of 7" of index m. Thus, in each of (5.2),
(5.3), and (5.4), let T" be the subgroup of T" obtained by replacing k with mk’ (k' € Z).
Then [T : T'] = m, and hence [A : T"] = md.

Consider the transitive action of A on the set of left cosets A/T”. The stabilizer of the
coset 1" is precisely T”. Moreover, the permutations induced by X, Y, and Z have cycle
lengths a, b, and c, respectively. Indeed, if a nonidentity power X* fixed a coset ¢g1”, then
a nonidentity finite-order element ¢~'X*g would belong to the torsion-free group 77, a
contradiction. The same argument applies to Y and Z. Thus this action determines a
dessin & with the required uniform passport, and, taking the edge corresponding to the
coset T" as e, we have A, = T". Therefore,

P isregular <<= T'<A <<= forallgeAandallhecT' ghg'eT.

Taking g to be Z (the rotation about the point C' by angle 27 /c) and taking h to be
the element of 7" obtained by setting k = m, | = 1 in each of (5.2), (5.3), and (5.4), we
compute ghg~! as follows:

o A =A(2,4,4):

g: (u,v) = (—v+1, u+1),
h: (u,v) = (u+2m, v+2),
ghg™: (u,v) = (u—2, v+ 2m)

Since m > 2, u — 2 cannot be written as u + 2mk’ with k' € Z. Hence ghg™' ¢ T".
o A=A(3,3,3):

g: (u,v) — <—1u—év+g, ?u—§y+7
L)

2 2

1\/§>

h: (u,v) — (u—i—g(m—i—l), v

ghg™: (u,v) <u - gm, v+ ?(m + 2))

Thus the corresponding translation parameters satisfy k+1 = —m and k—1 = m+2,
hence k = 1. Since m > 2, this cannot be expressed in the form &k = mk’ with k' € Z;
therefore ghg™" ¢ T.
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o A =A(2,3,6):

1 V3 3 V3 1 3
PR N A

g: (u,v) — <§u—70+ , U+ U+ —

h: (u,v) — (u—i—?)(m—i—l), U—i—\/g(m—l)),
ghg™': (u,v) = <u—|—3, v+ (2m + 1)\/§>

Here the translation satisfies k +1 = 1 and kK — 1 = 2m + 1, hence £k = m + 1.
Since m > 2, this cannot be expressed in the form k& = mk’ with ¥’ € Z; therefore
ghg™t ¢ T
In each case we conclude that 7" is not normal in A. Hence, by (5.1), the corresponding
dessin Z is not regular. This proves that for every m > 2, for each of (5.2), (5.3), and
(5.4), a nonregular dessin of genus 1 with the given uniform passport exists.
Combining all the above, we conclude that the existence of a nonregular dessin is
equivalent to the condition m > 2. O

For m > 2, a regular dessin does not necessarily exist. There are genus-1 uniform
passports for which only nonregular dessins exist; see Example 6.5 below.
For the automorphism group Aut Z of a dessin &, it is known that

Aut Z = Na(Ae)/ A, (5.6)
where

is the normalizer of A, in A (see [JW16, Theorem 2.2}).
Using this, we obtain the following proposition.

Proposition 5.2. For any uniform dessin d’enfant & of genus 1, we have Aut & 2 {1}.

Proof. As described above, the passports of genus-1 uniform dessins are exactly [22™, 4™, 4™],
[3™,3™ 3™], and [23™,3?™ 6™] together with those obtained by permuting their entries,
and they satisfy [T : A.] = m.

For m = 1, Proposition 5.1 implies that & is regular. Therefore, by Proposition 2.9,
Aut Z is isomorphic to the monodromy group of . Moreover, by Lemma 2.7, the order
of the monodromy group equals the number of edges of the dessin. Thus |Aut 2| > 1,
that is, Aut 7 2 {1}.

For m > 2, since A, < T and T is an abelian group, we have gA.g~
g € T Hence

L= A, for any

T < Na(A,).
Together with (5.6), this implies
T/A. < Na(A.)/A. = Aut 9.

Since |T/A¢| = m > 2, it follows that |[Aut | > 2, and therefore Aut 7 2 {1}.
Thus, for all m > 1, we have Aut 2 2 {1}. O
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6. Regularity Criteria in Arbitrary Genus

In this section, we describe two genus-independent criteria for the existence of regular
dessins associated with uniform passports.
In what follows, let 0, == (12 ... n) € S,.

6.1. Unicellular Cases

A dessin d’enfant is called unicellular if it has exactly one face. Accordingly, a passport
[Aos A1, Aso] 1s called unicellular if Ao, = n'.

Since regularity and the isomorphism type of the automorphism group are invariant
under permutations of the roles of black vertices, white vertices, and faces, by a slight
abuse of terminology, throughout this paper we also call a dessin d’enfant unicellular if
it has exactly one black vertex, one white vertex, or one face; equivalently, if its passport

has at least one entry of the form n'. We likewise call such a passport unicellular.

Theorem 6.1. For a uniform passport [a?,b%,n] (p,q > 1), there exists a regular dessin
d’enfant with this passport if and only if ged(p,q) = 1.
The same statement holds for the passports [a?,n,b?| and [n,a?, b9].

Proof. As regularity is symmetric with respect to black vertices, white vertices, and faces,
it suffices to prove the statement for [a?, b9, n| (p,q > 1).

By (2.5), the genus is (n — (p + ¢) + 1)/2. Hence n — (p + ¢q) is odd.

If a =1, then p = n, and the genus is

n—(Mn+q)+1 1—gq

2 2

Since the genus is a nonnegative integer, we have ¢ = 1. Hence the passport is [1",n,n],
which is obtained from the star case in (4.1) by permuting the black vertices and white
vertices. In this case the dessin is regular and ged(p, ) = ged(n, 1) = 1.

Similarly, if b = 1, then ¢ = n and p = 1, hence the passport is [n, 1", n]. Again, the
dessin is regular and ged(p, q) = 1.

Thus, the statement of the theorem holds in cases a = 1 and b = 1. In what follows,
we assume a,b > 2.

Since ry and (zy)~' have the same cycle type, it follows that xy is of cycle type (n).
Hence we may assume xy = o,,. Since (0,) = C,, and (0,,) < G, and since a regular dessin
satisfies |G| = n by Lemma 2.7, it follows that if the dessin is regular, then G = (0,,) = C,.
Consequently, both z and y must lie in (o,,).

Therefore,

The dessin is regular <= =,y € (0,,), z: type (a?), y: type (%), zy = o,
<= There exist [,m such that 1 <[l <a, 1 <m <b,
r=0" ged(a,l) =1, y=0", ged(b,m) = 1,
Ip+mg=1 (mod n). (6.1)

When the dessin is regular, since Ip + mqg = 1 (mod n) and p,q | n, it follows that
ged(p, q) = 1.

Conversely, assume that ged(p,¢) = 1. Since n = pa = gb, we have ¢ | a and p | b. Let
a = uq with u € Z~y. Then we have n = upq and b = up.
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Moreover, since ged(p, q) = 1, there exist «, 5 € Z such that pa 4+ ¢35 = 1. For these,
we have

ged(p, B) = ged(q, o) = 1. (6.2)

Moreover,
pla—kq)+q(B+kp) =1 forall k €Z.
Now we show that
there exists ko € Z such that ged(a, a0 — koq) = ged(b, 5 + kop) = 1. (6.3)
First, when u = 1, we have n = pq, a = ¢, and b = p. By (6.2),
ged(a, a) = ged(q, a) =1,
ged(b, B) = ged(p, B) = 1.
Hence ko = 0 satisfies (6.3).

When u > 2, let the prime factors of u be py,...,ps (s > 1, p1 < --- < ps). Since
ged(p, ¢) = 1, no p; divides both p and ¢. Hence, we can choose 0 < ky < u — 1 such that

ko # ag™' (mod p;) (pi | s PitQ)
for all 1 <17 <s, ko # —Bp~! (mod p;) (pitp, pila), (6.4)
ko # aq™', —Bp~" (mod p;)  (pi tp,q)

where p~! denotes the unique integer ¢ such that 1 <t < p; and pt = 1 (mod p;), and
likewise for ¢~'. Note that if p; = 2, then u is even, and hence n is even. Since n— (p+q)
is odd, it follows that one of p or ¢ must be even. Therefore, if p; t p,q, we must have
pi > 3, and hence a ky satisfying (6.4) can always be chosen.

Thus, for each prime divisor p; of u, at least one residue class modulo p; is allowed. By
the Chinese remainder theorem, these choices can be realized by an integer ky with

0<hko<pr-ps <u.
For this kg and each p;, we have
e When p; | p and p; 1 ¢,
a —kog #a—ag'qg=0 (mod p;),
and from (o — koq)p + (8 + kop)qg = 1, we obtain (8 + kop)g = 1 (mod p;), hence

B+ kop £ 0 (mod p;).
e When p; { p and p; | g,
B+kop#B—pp'p=0 (mod p),
and from (« — koq)p + (B + kop)qg = 1, we obtain (« — koq)p
a —kog #0 (mod p;).
e When i 'fpa q,
a—kog#a—aq'q=0 (mod p;),
B+kop#B—Bp'p=0 (mod p).
Hence, for every prime divisor p; of u, we have p; { o — koq and p; 1 f + kop. Therefore
ged(u, o — koq) = ged(u, 5+ kop) = 1.

Together with (6.2), we obtain

1 (mod p;), hence

ged(a, a — koq) = ged(ug, o — koq) = ged(q, a — koq) = ged(gq, )
ged(b, B + kop) = ged(up, B + kop) = ged(p, B + kop) = ged(p, 5)

Hence k = ko satisfies (6.3).
Thus, (6.3) holds for all u > 1.

)

1
1.
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For this ky, we can write
a—kog=wva+1, [+ kop=wb+m,

where v,w € Z, 0 <l < a, and 0 < m < b. Then

ged(a,l) = ged(a, a — kog — va) = ged(a, o — koq) = 1,

ged(b,m) = ged(b, 5+ kop — wb) = ged(b, B + kop) = 1,
Ip+mq = (a—koqg—va)p+ (B + kop — wb)q
=pa+qf—(v4+wn=1—(v4+w)n=1 (mod n).

Since a,b > 2, the coprimality conditions imply that {,m # 0, hence 1 < [ < a and

1 <m < b. Therefore, | and m satisfy (6.1).
Thus, when ged(p, ¢) = 1, a regular dessin exists. O

In genus 0, the unicellular case corresponds to [n, 1", n|. Moreover, the following result
holds from Theorem 6.1.

Corollary 6.2. The passport [n, b1, n| always admits a reqular dessin. On the other hand,
the passport [af,aP, n] admits a reqular dessin if and only if p =1, equivalently a = n.

6.2. General Criteria

The following holds regardless of whether the passport is unicellular or not.

Proposition 6.3. A uniform passport [a?,b,c"|, where n = pa = qb = rc, admits a
reqular dessin if and only if there exists an (abstract) group G of order n satisfying the
following condition:

e There exist elements x,y € G such that ord(z) = a, ord(y) = b, ord(xy) = ¢, and
G = (z,y).

Proof. Assume that a uniform passport [a?, b?, ¢"] admits a regular dessin. As in Defini-
tion 2.4, we define permutations x and y acting on the set of edges of the dessin, and
set G = (z,y), the monodromy group. Then ord(z) = a, ord(y) = b, and ord(zy) =
ord((xy)~!) = ¢. By Lemma 2.7, we have |G| = n.

Conversely, suppose that a group G and elements z,y € G satisfy |G| = n, ord(x) = a,
ord(y) = b, ord(xy) = ¢, and G = (x,y). Take an arbitrary bijection ¢): E' — G on the
set of edges £ = {1,...,n}, and define an action of G on E by

forallge Gandalle € E, g-e:=v " (gy(e)).
For any ¢g,¢' € G and e € F, we have
id-e =9y (idy(e)) =y (¥(e)) = e,
g(g-e)=g v (ge(e) = v (g (gi(e)) = v (d'g(e)) = (d'g) - €

Therefore, this defines a group action of G on E.
Moreover, for any e;, e, € E, consider the element 1 (e3)(v(e1))™" € G. Then
1

Ylez)(W(er) ™ -er = o7 (Wle)(W(er)) (1)) = ¥ (¥(e2)) = ea

Hence this action is transitive.

Therefore, there exists a dessin whose monodromy group is G [LZ04, Proposition 1.2.15
and Construction 1.2.17]. Since |G| = n, it follows from Lemma 2.7 that the dessin is
regular. Moreover, the orders of x, y, and xy are a, b, and ¢, respectively, and since the
dessin is uniform by Proposition 2.10, its passport is [a?, b7, ¢"] with n = pa = gb = rc. O
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Example 6.4. A regular dessin d’enfant with the passport [3%,3%, 3%] (n = 12, genus 1)
must satisfy ord(z) = ord(y) = ord(zy) = 3.

Furthermore, since the action of G = (x,y) must be transitive, we have = # y. Also,
as x,y # 1, it follows that xy # x and zy # y. Hence x, y, and zy must all be distinct,
and therefore G must be of order 12 and contain at least three elements of order 3.

There are five abstract groups of order 12: the cyclic group Ciy, the direct product
Cgs x (5, the alternating group Ay, the dihedral group Dg, and the dicyclic group Qqs.
Among these, only A4 contains three or more elements of order 3 (in fact, eight). In a
regular permutation representation of A4 on 12 points, for example,

z=(123)(4506)(789)(10 11 12),
y=(147)(2116)(3810)(5 12 9),
zy = (1510)(2 12 7)(3 9 6)(4 8 11)

satisfy the required conditions, showing that a regular dessin exists in this passport.

Example 6.5. A regular dessin d’enfant with the passport [3°,3%,3%] (n = 15, genus 1)
must satisfy ord(z) = ord(y) = ord(xy) = 3. Since the only group of order 15 is the
cyclic group Cis, if o is a generator of Ci5, then z, y, and xy must each be one of o° or
o' However, {0°, 0%} does not generate Cy5. Therefore, no regular dessin exists for the
passport [3°, 3%, 3%].

By the same reasoning, no regular dessin exists for the passport [5%,5% 5% (n = 15,
genus 4) either.

7. Automorphism Groups in Genus > 2

In this section, we prove the existence of a dessin 2 with Aut 2 = {1} for passports of
genus at least 2 in which at least two of the entries are of type n'.

7.1. Passports [n,n,n|

Proposition 7.1. Every passport [n,n,n| of genus > 2 admits a dessin with a trivial
automorphism group.

Proof. By (2.5), the genus is (n — 3)/2+ 1 = (n — 1)/2. Since it is an integer at least 2,
n is odd and n > 5.

Since the monodromy group does not depend on the labeling of the edges, we may fix
r=(12...n).

Let

y=(246 ... n—1nn-2 ... 31),

where the even numbers appear in ascending order, followed by the odd numbers in
descending order. Then

xy=(13254 ... n—2n-3nn-—1),

which is of type (n).

For any ¢,j € E = {1,...,n}, we have 27~" - i = j. Hence, G = (x,3) acts transitively
on FE.

Therefore, G is the monodromy group of a dessin & with passport [n,n,n]. Since n is
odd, we have G < A,,, the alternating group.
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Computing z?(zyzy) ! yields (1 2 3). As is well known, the permutations x and (1 2 3)
generate A,, for odd n > 5, and hence G = A,,. Therefore,

Aut 2 = Cs, (A,) = {1}. O

7.2. Approach for the Passports [n,0?,n| (¢ > 2)

In this section, we describe our approach to proving that every uniform passport [a?, b?, ']
of genus at least 2, with exactly two of p, ¢, r equal to 1, admits a dessin d’enfant with
trivial automorphism group. The proof combines counting arguments, analytic estimates,
and a finite verification of exceptional cases.

Since the automorphism group is invariant under interchanging black vertices, white
vertices, and faces, it suffices to consider the case [n, b7, n|, where n = bg and ¢ > 2. Since
the genus (n — ¢)/2 is an integer at least 2, we have n —q > 4, n = ¢ (mod 2), and hence
b=n/q>2.

In this case, unlike in Proposition 7.1, it is difficult to construct a general pair (x, y) such
that Aut 2 = {1}. Therefore, we exploit the relationship between the primitivity (see
Definitions 2.12 and 2.13) of the monodromy group and the triviality of the automorphism

group.

Proposition 7.2. Let G = (z,y) be the monodromy group of a dessin 9 with n edges. If
n is not prime and G is primitive, the automorphism group Aut & is trivial.

Proof. If n =1, the conclusion is immediate. We therefore assume that n > 2.

Assume that n is not prime, G is primitive, and let ¢ € Aut Z. Then, for every g € G,
we have cg = gc.

For e € {1,...,n}, let O, = (c) - e denote the orbit of e under the action of (c). For
any g € GG, we have

9-0c=g-((c)-¢) = (9(c)) - e = ({c}g) - e = (¢) - (9 - €) = Oy

Assume that (g - O.) N O, # 0. Since g - O, = O, and each element of O, can be
written as ¢™ - e, while each element of O,.. can be written as c'g - e, there exist integers
[,m such that c'g-e = c¢™-e. Then g-e =c™'-e € O,, and hence g-O, C O,. Similarly,
since e =g -e € Og.c, we have O, C Oy... Therefore, g- O, = Oy.. = O,.

Since this holds for all g and all e, we have, for every g and e, that either g- O, = O, or
(g-0.)N O, =0. Hence, each element of the family {O.} is a block for the action of G.

Furthermore, since G acts transitively, all blocks are mapped to one another under the
action of G and therefore have the same size d. Since the size of the orbit of ¢ is d, the
cycle type of ¢ is (d/?).

If 1 < d < n, then G has nontrivial blocks of size d, contradicting the assumption that
G is primitive.

If d = n, then ¢ has cycle type (n). It is well known that Cg, (¢) = (¢). Since cg = gc
for every g € G, it follows that G < (c), and hence G is cyclic. A cyclic group acts
primitively only when n is prime; since n is not prime, this yields a contradiction.

Consequently, we have d = 1, and the cycle type of ¢ is (1"); that is, ¢ = id. Therefore,
Aut 9 = {1}. O

For the passport [n,b%,n] with b > 2, fix x = (12 ... n) € S,. As described in the
proof of Proposition 7.1, the group G = (x,y) acts transitively on the edges {1,...,n}
for any y € S,,. Therefore, if y has cycle type (b?) and zy has cycle type (n), then G is
the monodromy group of a dessin corresponding to this passport.
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We define the following subsets of S,:

e T'(b,q): the set of elements of S,, with cycle type (b9);

e N(b,q): the set of elements y € T'(b, q) such that zy has cycle type (n);

e I(b,q): the set of elements y € T'(b, q) such that G = (z,y) is imprimitive;

e C(b,q): the set of elements y € T'(b,q) such that Cg, (G) is nontrivial (equivalently,

Aut 2 2 {1}).

T, N, and [ are the same as those defined in Section 3.1.

Since n = bq is not prime, it follows from Proposition 7.2 that I D C.

The existence of a dessin Z such that Aut 2 = {1} is equivalent to N N C® # { (the
gray region in Figure 7). To prove this, however, it is sufficient to show that N N I¢ # ().
Furthermore, to establish this, it suffices to show that |N| > |I|.

T

F1GURE 7. The region corresponding to trivial automorphism groups

Hereafter, we use the same notation to denote the number of elements in a set (for
example, the number of elements of T'(b, ¢) is denoted by the function T'(b, q)).
For all but finitely many admissible pairs (b, ¢), we show that

I(b,q) _ N(bq)

T(b,q) T(b,q)
This inequality guarantees the existence of a dessin with trivial automorphism group for
each such pair.

By directly computing the automorphism groups of dessins belonging to the corre-
sponding passports, we find that most of them are in fact trivial, and that this tendency
becomes more pronounced as n increases. Accordingly, we allow a slightly coarse upper
bound for I/T. For the finitely many remaining pairs (b, q) for which our estimates do
not establish (7.1), we complete the proof by explicitly exhibiting pairs (x,y) for which
the automorphism group is trivial.

As in Section 3.1, let I,,,(b, q), where m | n and 2 < m < n, denote the subset of I(b, q)
consisting of elements y such that G = (x,y) is imprimitive with respect to the residue
classes modulo m.

Proposition 3.1 and Theorem 3.5 give an explicit formula for I,,/T and provide an
upper bound for I/T"

(7.1)

{(dits)} @ ¢
d;q t;
T(b,q) = nl Z " ((E)) Z H dbit,! (chq), ’ (7.3)
2<m<n {(dit:)} m
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where the summations over {(d;, t;)} are taken over all partitions {(d;,¢;)} of m satisfying
(3.9), that is:

> dit;=m, d;are all distinct, d; | b, m | diq for all i.

Since there exist pairs (z,y) that admit blocks corresponding to multiple values of m,
the total sum on the right-hand side of the latter generally exceeds I/T.
Let s =) .t;. Since d; > 1 for every i, we have

Consider the m nonnegative numbers obtained by taking ¢; copies of d;q/m for each i and
adjoining m — s zeros. Their sum is

diq  q B
i —E;diti—%

hence their arithmetic mean is ¢/m.
The function f(t) = logI'(t + 1) is convex on [0,00) and satisfies f(0) = 0. Hence

Jensen’s inequality gives
Ztlog(( >) th(dq) m —5)£(0)
2 ma(2) = mn((2))

where, since ¢/m is not necessarily an integer, we define (¢/m)! :=T'(¢/m + 1).
Therefore,

This yields

Applying Stirling’s formula
MY MM
VorM (—) e+ < M < V27 M (—) e2r (M >0), (7.4)
e e

we obtain
q_;m,<<%)!)m<m, vama() e () (V)" () e (53
- 27(77,( ) eXp(12n+1) ( QW%)m(#)lep(ui—%)

1 n m? 1 m?2
12¢g 12n 12n4+1 12¢+m

— m! bz 1D exp (

If we regard the exponent of exp as a function of m (2 < m < n), denoted by f(m),
then

B 1 +m2 1 m?2
12 12n 12n4+1  12¢4+m’




32 TATSUYA OHNISHI

7'(m) =m(i— RS )

6n  (m+12¢)?

Let g(m) = —(m + 24q)/(m + 12¢)%. Since ¢'(m) = (m + 36q)/(m + 12¢) > 0, g(m) is
strictly increasing. Since m < n,

) = m( o+ gtm)) < m(+ato)) = 2

) :n(i _ LMQ> :bq<i ~ M)
2

Moreover,

6n (n+12q) 6bg  (bg + 12¢)?
(1 b+24 \  5b?+120b— 144 -
- o\6b  (b+12)2) 6(b+ 12)2 ’

where the last inequality follows from b > 2.
Therefore, since f(m) is strictly decreasing, we have

f(m) < f(2) = 1+1 1 2<1+1 2
12¢ 3n 12n4+1 6g+1 12¢ 3n 6g+1
IR S S _ —18g+b+24g+4  BBO—3)(¢-5) - F
12¢  3bg 6g+1 12bq(6g + 1) 12bq(6q + 1)

1 _ 4 _ly_16
_ BR-He-H-®
12bq(6q+1)

where the last inequality follows from b, ¢ > 2.
Hence, exp(f(m)) < 1, and therefore

AYAN
q—:m'<(m>> < m!bmglm_q(b_l),
n!

()
and then
(b . e )“
;((b’g <l T VS (b, m), S gm) = 3 H . (15)

{(di,ts)} @

where the summation in S(b, ¢, m) is taken over all partitions {(d;,t;)} of m satisfying
(3.9).
Applying (7.4) to m! as well, we obtain

Im(b,q) S
< V27 ( > emb T m 9D g b,q,m
T(b,q) ( )

= V21 b T mm IO D e mm S (b, g, m). (7.6)
In the following, we carry out this strategy by dividing the argument into two cases:

b = 2, where the dessins are called clean and which turns out to be the critical case, and
b>3.
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7.3. The Case b =2

Proposition 7.3. Every passport [n,29,n] (n = 2q) of genus > 2 admits a dessin with a
trivial automorphism group.

Proof. By (2.5), the genus is
2¢—(1+q+1)
2

Therefore, ¢ must be an even integer with ¢ > 4.
By Theorem 3.3,

N 2 2 1 1 4
>

4q
1==>2
+ 5=

T n+2 2+2 q(H%)—q(Hi) 5g’

Therefore, it suffices to show that

I(b,q) _ 4
T(b.q) ~ 5q
Let 7(n) denote the number of positive divisors of n. Then the number of values of m
appearing in (7.3) is 7(n) — 2. Since 7(n) < 24/n = 24/2q, it suffices to show that for each
m with m | n and 2 <m <n,
Ly 4 1 _ V2
T ~5¢ 2y2q 5¢5
Since n = 2q, the largest divisor m of n with m < n is m = ¢q. Therefore, it suffices to

show that
5 31,
log| —=qg2— | <0 77
g(\/i T) ()
holds for all 2 <m <q.

Since d; | 2 in (3.9), the only possible values of d; are 1 and 2.
We now divide the analysis into the cases m = 2 and 3 < m < ¢, and obtain an upper
bound for the left-hand side of (7.7) in each case.

(i) The case m = 2.
Since ¢ is even, the partitions {(d;,t;)} of 2 satisfying (3.9) are {(1,2)} and {(2,1)}.
Hence, by (7.2),

L ¢ o1 1 ’ 1 29) (¢ q! .
2o (3(am) +3 7))

Using Stirling’s formula (7.4), we obtain

()M Ry
= Jor- 2q(%)2qez4qﬁ :

27§ (4)"em
€

V/ 1 1 2 1 2
= 7quxp — = —exp| —(— — +1).
24 6g 24q+1 mq 12¢g  6g+1

Here, the first exponential term is decreasing in g, hence we bound it by its value at
q = 4. The argument of the second exponential term is always negative, and thus we
bound it by € = 1. Hence,
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Therefore,
5 3l 73 1 3
log( =gt 2) < 22 qlog2+1 (2 \/—) log5 — = log2 + > logq. (7.8
Og<\/§2T>_2328 qlog2 +log( V2 + /7q) + log 5 log +20gq( )
Differentiating the right-hand side with respect to ¢ gives

1 2+1\/? ! 3 < 2+1\/? ! L2 <o (¢>4)
—lo 4/ ———————+—<—-1lo =4/ .
TV Ve ymg 200 BT VAR Var 244 7=

Therefore, the right-hand side of (7.8) is decreasing for all ¢ > 4, and a direct evaluation
shows that it becomes negative for ¢ > 10.
(ii) The case 3 < m < g.
Substituting b = 2 into (7.6), we obtain
I m
=< 2% /Tm™ T e §(2, ¢, m). (7.9)
Regarding (3.9), d; must be 1 or 2 since d; | 2. For d; = 1, the condition m | d;q
holds only if m | ¢. For d; = 2, the condition m | d;q always holds, since m | n (= 2q).
Furthermore, if m { ¢, then m must be even. In this case, the unique partition satisfying

(3.9)is {(2,m/2)}.

Therefore, the partitions of m satisfying (3.9) are

{tam=-2i,c0 |o<i<|2]} o,

(D) oo

As the second set is contained in the first, in (7.9) we obtain the inequality

(w-vn L8] )
S2,q,m) = Hdlt—gé 2

N (7.10)
— 171
{(disti)} @ ' =0 (m 2])']-
Let o = 224/™=1 Then
[e%¢} k O G 27 [csINe'e} o k+2j
x+ax2_xo¢:c2_zl' alr ol
‘ —cf = k! Z 7! o Z kLl
k=0 5=0 k=0 j=0

Extracting the coefficient of ™ on the right-hand side, only the terms satisfying k+25 = m
(i.e. K =m — 2j) contribute. Hence we obtain

%]

ol
[z™] eotor® —_
jzo (m —2j)!5!

where the left-hand side denotes the coefficient of z™ in e*o”.
Since the right-hand side of (7.10) coincides with this expression, we may bound
S(2,q,m) using the generating function ertor? a9

S(2,q,m) < [z"] e taa?

Let F(z) = e*t**. By Cauchy’s integral formula, we have

S(Z,q,m)g[xm]F(x):L/H Mdz (R >0).

21 =R Zm+1

Hence, for any R > 0,
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1 max.—p|F(2)]  maxp.—g|F(2)|
S(2>q7m): ‘S(za%m)‘ < %QWR Rm+1 - Rm :
For fixed |z| = R, the quantity |F(z)| attains its maximum at z = R (a positive real
number). Thus,

R+aR?
S(2,q,m) <

for all R > 0. (7.11)

Viewing the right-hand side as a function of R, let L(R) denote its logarithm. Then
L(R) = R+ aR®> —mlog R,
1
L'(R)=1+2aR — % = (2R’ + R —m).

Since the right-hand side of (7.11) (the upper bound for S(2,¢,m)) is minimized when
L'(R)=0,ie. at R= (14 8am —1)/(4a), we choose a nearby value

_ V8am m

Then

m
2

eRo+aR] m m 20
S(2 < — — 22
(2,9,m) < Ry exp(2 2a><m)

m m
= exp 54— 2—27(1

From (7.5), (7.9), and (7.12), we have

7
) = 29m~ % exp(% + 2_%\/ﬁ>. (7.12)

5 31 9 3. .m m+1 m 1 q
Zptm < C 4295t e 49w
ST S T mm eXp( > " Tom * \/ﬁ)
5 s, 3 1 1
log(—qu?) < 510gq+10g5+ (%%—q— 5) log2+§log7r

m+1 m 1 ]
L Noem =" — Lok
+( 5 q) 0gMm — o + o+ vm

Let the right-hand side be denoted by G(g,m). For ¢ > 4 and 3 < m < ¢, we have

092G 1 29—1 1 2" m 2
- q - (_E_qm10g2—|—<qlog2)2). (713)

om?2  2m 2m? 6m® s 4

Let
m2
9(g,m) = == — qmlog2 + (¢log 2)*.
Since ¢ > m, we have
9y

e 2(log 2)%q — mlog2 > 2(log 2)*m — mlog2 = mlog2(2log2 — 1) > 0.
q

Hence ¢ is increasing in ¢ for each fixed m, and therefore

2
glq.m) = g(m,m) = == = m’log 2 + (mlog 2)* = —Cm?,

1
C =log2+ 1 (log2)® > 0.
Therefore, in (7.13) we have
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4 _m

2_l

m’ 2 2 " 2 C
m(—f—qmlogQ—i—(qlogm ) 2_m2 Cm Z_m% Cm :—Qm%,
and it follows that
G 1 . 2-1 1 C 1 2m-1_ 1 C
om? — 2m 2m?2 6m3  omz  2m 2m? 6m3 oms
3 1 1 C 3 1 C
T 2m  2m? 6m3_2m%>%_2m2_2m§:2 3 3\/__\/___C>

1 1 1
> —3(3\/_———10g2—1+(10g2)2) > 0.
2

2m

Therefore, GG is convex in m. Hence its maximum on the interval 3 < m < ¢ is attained
at one of the endpoints, m = 3 or m = q.

Let Hi(q) = G(q,3) and Hy(q) = G(q,q). Then
G(g,m) < max{H(q), Ha(q)} (3 <m <gq),

where

S 1 53 .
Hi(g) = 5 loga+log5 + <q+1>10g2+ Slogm+ (2 —q)log3 — oo +274V3,

3 27 3
Hi(q) = 2——|—log2—log3——log2< — +log2—1log3 <0 (q=>4),

V3 2-4
and
s 1 q q
Hs(q) =logh+ 3975 log2+ = log7r+(—§+2>logq—§+— —\/_
1 3 1 1
H)(q) =—=1 -1 —
2(q) = —5logg — 1+ p 12q2+4\/c_]
1 3 2 1
—=logd—1+=log2+-—-04+—%=<0 > 4).
< —3log tlog24 =04 =n < (¢ =4)

Thus both H; and Hs are strictly decreasing for ¢ > 4. Direct computation shows that
Hi(q) <0 for ¢ > 22, and H3(q) < 0 for ¢ > 14. Consequently, G(q, m) is negative for all
q > 22 and all m with 3 <m <g.

Combining this with the case m = 2, we see that (7.7) holds for all ¢ > 22 and all m
with m | n, 2 <m < n.

For even integers 4 < ¢ < 20, Table 2 lists those permutations y such that, with

= (12 ... n) fixed, the automorphism group is trivial.

When ¢ = 4, the monodromy group G = (x,y) has order 336 and Cg, (G) = {1}. On
the other hand, when 6 < ¢ < 20, we have (x,y) = S,. Since Cg,(S,) = {1}, it follows
that for each such ¢ there exists a dessin 7 with Aut 2 = {1}.

Consequently, every passport [n,2? n] (n = 2q) of genus > 2 admits a dessin with a
trivial automorphism group. [l

To find elements y such that (z,y) = S, for x = (1 2 ... n), we make use of the
following theorem.

Theorem 7.4. Let G < S, be a primitive group which contains a cycle (p) of prime
length p. Then either G > A, orn < p—+ 2.

Proof. See [DM96, Theorem 3.3E]. O
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Y

G [ w(z,y) [ Pw [ w
2| 4 [ADE5GI6Y
G = 336 | [
2| 6 [LDENEOE 870 12)
S12 [ ryryxr yriyx [ [ (469511)
9| g (113)(210)(3 16)(4 6)(59)(71 )(8 1)(12 15)
Sic | @ ywyryr® |13 | (1158716 10112356 12 13)
2 | 10 (D@ I9)BI2)E I8)(58)(616)(7 10)(9 11)(13 20) (14 17)
S |  yo'ywyr® |17 [ (1108341556129 172 1119 20 13 16)
5| 1o LA16)211)(B9)(A14)(520)(6 2 )(7 15)(8 17)(10 24)(12 22)(13 18)(19 23)
S| yalyayrtyr’ [ 19 | (19201823 1911821 24125224263 10 13)
2 | 14 [ (2NCT8)B20)(A8)(522)(6 13)(7 26)(9 12)(10 15)(11 28)(14 17)(16 23)(19 25)(21 24)
Sis | aya'y |23 [ (11891071527 126 24 11323 4288 13 17 22 26 5 25 21)
5 | 16 |(126)(227)(329)(4 15)(5 20)(6 12)(7 14)(8 24)(9 19)(10 30) (L1 17)(13 16)(I8 23)(21 25)(22 32) (28 31)
S32 [ oy’ [29[ (11828313029252234178202111101931526622245271316127)
5 | 1g | (128)(29)(329)(47)(5 36)(6 24)(8 16)(10 12) (11 33)(13 21)(14 17)(15 35) (18 31)(19 25)(20 26)(22 32)(23 34)
(27 30)

SSG

[ ryr’yriyr’yz [ 29 [ (1152617352114416 18722252028 3413231252429109 31 326 33 36)

(139)(240)(310)(4 32)(5 35)(6 17) (7 14)(8 22)(9 19)(11 31)(12 38)(13 36)(15 26)(16 18)(20 28)(21 30)(23 33)
(24 29)(25 27)(34 37)

S40

v yzyzyryrtyx | 37 | (12527231284039 182133736919 11 143213 17 24 4 6 30 22 20 38 26 34 31

16 33 35 29 15 28 2)

TABLE 2. Elements y such that Aut 2 = {1} forb=2 (z=(12 ... n))

By this theorem, for a permutation y of cycle type (27), if G = (x,y) has no blocks
with respect to any residue class of a divisor m of n = 2¢ (2 < m < n), and if G contains
an element w that is a p,-cycle for a prime p,, < n — 3, then G = S,, (since n is even, it
cannot be A,,).

A list of such examples of y and w obtained by computation is shown in Table 2

In practice, we generated random permutations y of cycle type (27). We discarded any
candidate for which zy was not an n-cycle. For each remaining candidate, we generated
up to several tens of thousands of elements of (z,y), stopping as soon as an element w
satisfying the required conditions was found. If no such element was found, we discarded
y and tried another candidate. By repeating this procedure, we completed the table.

When (b,q) = (2,4), the monodromy group never becomes Ss. Instead, it can be a
group of order 336, in which case the automorphism group is trivial. A dessin realizing
this case is shown in Figure 8.

x=(12345678),y=( 4253 7)6 8)
|G| =336, AutD = {1}

FIGURE 8. A dessin with trivial automorphism group having passport [8, 2%, §]
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7.4. The Case b > 3

Proposition 7.5. Every passport [n,b?,n] of genus > 2 with b > 3 and ¢ > 2 admits a
dessin with a trivial automorphism group.

Proof. By (2.5), the genus is

n—(1+¢+1)
2 2

Therefore, we have n — ¢ > 4 and n = ¢ (mod 2), and hence n > 6.
Our goal is to show that

By Theorem 3.3,
N(b,q) _ 2 2 2 3
T(b,q) “n+2 n(l+2) " n(1+2) 2n
Thus it suffices to prove that

I(bg) _ 3
T(b,q) 2n
Since there are 7(n) — 2 integers m such that m | n and 2 < m < n (where 7(n) denotes

the divisor-counting function), it will be enough to show that for each such m,

b 3
T " 2nt(n)

Since 7(n) < 24/n, we have

Thus it suffices to show

I, 4
F(b,q,m) = 7 g(bq)% <1 (7.14)
for all m such that m | n and 2 < m <n.
By (7.5),
4 m
F(b,q,m) < gm b tlgrm 1D S(b, ¢, m), (7.15)
where

S(b.g.m) = Y _ HT (7.16)

Furthermore, from (7.6),

F(bg,m) < T 2000 g a0+ ke §(b, g, m).

Since m > 2, we have e'/(12™) < ¢1/24 and therefore

F(b,q,m) < Coe ™05 lq2m™ D438, q,m), Cp = e,

Taking logarithms gives
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1
log F'(b,q,m) < logCy — m + (%—l— 1) logb+;logq+ (m—q(b— 1) —1—5) logm

+log S(b, q, m). (7.17)
What we want to show is that log F'(b, ¢, m) < 0.
For S(b,q,m) in (7.16), let us define the set of admissible d; for (3.9) by
D={d€Zsy|d<m, d|b, m|dq}. (7.18)
Here,

exp (Z Al d) = Hexp(d%*lxd> H Z St
deD deD deD t=0

When we extract the coefficient of ™ on the right-hand side, the remaining terms are
precisely the products and sums over all {(d;,t;)} satistying . d;t; = m. Since each
d; € D, these satisfy (3.9). Thus, the expression coincides with (7.16). Therefore, by an
estimate similar to that used in (7.11), we obtain

S(b,q,m ™| exp (Z dm ) (7.19)

deD
and furthermore,

exp (ZdeD dqﬁd_le>

S(b,q,m) < T for all R > 0.
Define
m q b
=ged(m,q), dy=—, ¢ ==, bV :=—.
g9 = ged(m, q), do 1= i

Since m | n (= bq), we have dy | b, and hence b’ € Z.
Asm | dig <= dy | d;, the set of all d; satisfying (3.9) coincides with the set of
integers of the form

di=dor, 1<r<g, r|b.
Thus, (7.18) can be written as
D={dyr|1<r<g, r|bV}.
Focusing on the values of r, define
D, ={r|1<r<g, r|b}.
Then (7.19) becomes

S(b,g,m) = [z™] exp ( Z (dor) qc’l’?Tlxdor> = [z™] exp ( Z (dor) qmr—lxdor>

T'GDT TEDT
= [2™] exp ( Z (dor)qlr_lmd°r> : (7.20)
TED’I‘
Furthermore, for the parameters required in estimating S(b, ¢, m), set
a=di ', B= D (dor)" (7.21)
r€Dr,r>2

In what follows, we proceed by considering the following cases according to the values
of b, ¢, and m.
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(A) D] =1 (ie. D, = {1})
(A-1) do =0
(A-2) m<b

(B) |D;| > 2
(B-1) B<g/2
(B-2) B>g/2

(B-2-1) m | ¢

(B-2-2) m1q

In each case, we proceed as follows:

(1) Find an upper bound G(b, ¢, m) satisfying log F'(b, g, m) < G(b, ¢, m) and containing
no factorials, summations, or products.

(2) Show that 9°G/Om? > 0. Thus, for each pair (b,q), the function G is convex in
m, and consequently its maximum occurs at one of the endpoints of the admissible
range of m.

(3) Determine the range of (b, q) for which G is negative at all relevant boundary points
of m (namely, its minimum and maximum, and any junction points arising from
case distinctions).

In this way, we show that G < 0 holds except for finitely many exceptional cases.

For the finitely many pairs (b, ¢) for which G > 0, we proceed as in Proposition 7.3 and

explicitly find permutations z and y such that Aut 2 = {1}.
(A) The case |D,| =1 (i.e. D, = {1}).

In this case, there is no r satisfying both 2 <r < g and r | .

Moreover, since dy | b, we have dy < b.

If dy = b, then b’ = 1, and hence D, = {1}.

If dy < b, assume m > b. Then taking r = 0" = b/dy (> 1) yields 2 < r < m/dy = g,

contradicting the assumption.

Therefore, when D, = {1}, we must have

do=b or m<hb.

Since |D,| = 1, the only partition satisfying (3.9) is {(d;, t;)} = {(do,g)}. Hence,

mgq _

wo,  (mey
d( m dyIm dq g
S(b,q,m) = -2 =2 =2
9! 9! 9!
Substituting this into (7.15) and applying (7.4), we obtain
ydo
g!
< QWm(%) eiTm .%bﬁﬂqgm—qw—l)(@)q_g
A /27Tg(%)ge EZES ) g

4 m,q 3 m\™=9(m a+3 1 1
— IpEtl,d fq(bfl)(_) m _ '
370 e g)  TPli2m 12941

Since m > 2 and m > g, we have
1 11 I 1 _ 1 1
12m  12g+1 7~ 12m  12m+1  12m(12m+1) — 12-2(12-2+1) 600

Therefore,

4 m
F(b,q,m) < gﬂﬂb?“qgﬂf‘“b‘1
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m— 0+
F(b7 q, m) < Clb%+1q%m_q(b_l) <@> g (m) 2’ Cl = —e600,
€ g

Let G(b,q, m) denote the logarithm of the right-hand side. Then
1

3
+5 log g — q((b—2)logm + log g). (7.22)

(A-1) The subcase dy = b.
e.g. (b,q,m) = (3,2,3),(5,2,5),(3,4,3),(3,4,6),(7,2,7)

In this case, since dy = m/g = b, we have g = m/b and logg = logm — logb. Hence
(7.22) becomes

1 1
G(b,q,m) = logCy + (% + 1) logb+m(1 - E)(logm— 1)+ §logb—|— ;logq

—q((b—1)logm —logb),

2 -1 1 -1 1
8G:b_(g+_> >3—<i+—)>0.

and

om2 m \m b/~ m \m b

Thus, for fixed b and ¢, the function G is convex in m. Since g = m/b > 1, we have
m > b; moreover, from m | n and m < n, it follows that m < n/2 = bg/2. Hence
b<m < bg/2.

Setting Hy(b,q) = G(b,q,b) and Hy(b,q) = G(b,q,bq/2), we obtain

G(b,q,m) < max{H:(b,q), Hx(b,q)},

where
3 3 1
Hl(b,q)—logC1—b+1+§logq+(—(b—2)q+§b+§)logb,
0H, 3 3
—=——(b—2)logh< — — (3 —-2)1
90 2 (b=2)logb < 5= — (3 -2)log3 <0,
and

1
Hs(b,q) = log Cy + g(b —1)(log2 —1) + Z(—bq +6¢ + 6)logb

+ %(—Q(b— 1) +3)logg,
aa—}f _2%—1— %(b— 1)(log2 —logq) — b+ 1+ (—;lb—Fg) log b
< %—l— %(b— 1)(log2 —log2) —b+ 1+ (—ib—kg) log b
_ Z —b+1+ (—im;) log b.

Let the right-hand side be g(b). Then
o 1 3 5 1 3
/ = —— — — _— < _ = = —_— > .
g'(b) 1 4:logb—l—%_ 1 410g3—|—2_3<0 (b>3)

Hence g(b) is decreasing in b. Therefore
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4 4 2

Hence both Hy(b,q) and Hy(b,q) are decreasing in g. Therefore, each is bounded above
by its value at ¢ = 2.
Since H,(b,2) = Hy(b,2) = G(b,2,b), we obtain

JOH. 3 1 3
a—;gg(S):——B—l—l—i-(——~3+—)10g3<0.

G(b,q,m)§G(b,Q,b):logC'l—kglogZ—b—l—l— log b.

Differentiating with respect to b, we have

d 3 logb 9 3 log3 9

BB =g -ty s 5 gy <0 (=3

Thus G(b,2,b) is strictly decreasing for b > 3, and direct computation shows that it

becomes negative for b > 6. Hence, in this range, we have G(b, ¢, m) < 0 for all ¢ and m.
For 3 < b < 5, taking into account that ¢ must be even whenever b is even, direct

computation shows that

—~

(3,k) (2<k <5),H(4,2), Hi(5,2) > 0,
H,(3,6), H,(4,4), H(5,3) < 0,
(3,k) (2<k <4),Hy4,2), Hy(5,2) > 0,
H(3,5), Hy(4,4), Hy(5,3) < 0.
Since both H; and H, are decreasing in g, H; or Hy becomes nonnegative only for
(b,q) = (3,2),(3,3),(3,4),(3,5),(4,2),(5,2). (7.23)
Therefore, when |D,| =1 and dy = b, inequality (7.14) holds except for these pairs.

(A-2) The subcase m < b.
e (b.g,m)=(3,2,2),(52,2),(3,4,2),(6,2,3), (6,2,4), (7,2,2)

Differentiating (7.22) with respect to g gives

L q
—(logm —-1) — — — = < —(log2—-1) - 0—-1<0,
29 g
therefore (7.22) is strictly decreasing in g.
Hence, letting G(b, ¢, m) denote the expression obtained by substituting ¢ = 1, we

have

G(b,q,m) < Ga(b,q,m)

+1)logb+ (m —1)(logm — 1) +glogq

= log C; + (%

Moreover,
902Gy :i+q(b—2)+% -
om? m m? - m m?

Thus G2 is convex in m. We regard it as a function of m on the closed interval [2,0].
By convexity, its value for 2 < m < b is bounded above by the larger of its values at
m = 2 and m = b.

Setting

Hl(b7 Q) = G2(b7Q7 2)) H2(b7 Q) = GQ(b7Q7 b)7

we obtain
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G(b7 q, m) S GQ(b7 q, m) S maX{Hl (b7 Q)7 HZ(ba Q)},

where
3 3
Hy(b,q) =logCy + §—q(b—2) log2—1—|—210gb—|—§logq,
0H, 2 2
2 Z < _ z
% qlog2—i—b_ 210g2+3<0,
( 3
:_<3_2)10g2+ﬂ>0 (b:3,q:2)
0H, 3 3
—=—(b—2)log2+ —<K < —(3— — = >
9 ( ) log +2q < —(3 2)10g2+2.3<0 (b=3,q>3),
3
< —4-2)log2+ — b>4
< -(-2)log2+ 57 <0 (b24)
and

3b+1 3
Hy(b,q) =logCy —b+1+ (T+ —q(b—2)> logb + ilogq,

0Hy, 1 3 2 1
W—§+(§‘Q)1Ogb—Q(l—z)+%
2

<3 9V es—of1-2) 1L~
= 2 8 3) 935"

3 3
— —(b—2)I 2 < (3-92)1 2 <o
(b )0gb+2q_ (3 )0g3+2.2<0

OH,
dq
Thus H; is strictly decreasing in b, and, except for the case (b, q) = (3,2), also strictly

decreasing in q. Similarly, H, is strictly decreasing in both b and ¢. Direct computation
shows that

Hi(3,k) (2 <k <8),H(4,2), Hi(5,2) > 0,
H,(3,9), Hy(4,4), H,(5,3), H,(6,2) < 0,
Hy(3,k) (2 < k < 5), Hy(4,2), Hy(5,2) > 0,
Hy(3,6), Ho(4,4), Hy(5,3), Hy(6,2) < 0.

Therefore, when |D,| = 1 and m < b, inequality (7.14) holds except in the following
cases:

(b,q) = (3,k) (2 <k <8),(4,2),(5,2). (7.24)

(B) The case |D,| > 2.

In this case, since there exists an integer r such that 2 < r < g and r | ¥, we must have
g>2andb > 2.

Moreover, when (b, q) = (3,2), we have n = 6, and hence m = 2 or 3. In this case,

m=2 = ¢g=2,0=3 = D, ={1},
Thus, for (b,q) = (3,2), we always have D, = {1}. Therefore, this pair can be excluded

from the present case.
From (7.20) we have
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S(b,g,m) = "] exp(Z (dor)q’rlxdor>

TEDT
= [v] exp(Z (dor)""”‘lyr) (y = z%)
reD,
d q’r—er
< il (ZTGDT( o) ) (for all R > 0).
R9
Therefore,
log S(b,q,m) < Z (dor)?"*R" — glog R (for all R > 0). (7.25)

reD,
Using v and f defined in (7.21), we obtain, for 0 < R < 1,

log S(b,q,m) < aR+ BR* — glog R.

Differentiating the right-hand side with respect to R yields (28R* + aR — ¢)/R, and
hence it attains its minimum at R = (—a + \/a? + 853g)/(48). Taking a nearby point

R =+/8Bg/(48) = \/g/(25) and setting
Ry = min{\/%, 1}, (7.26)
we have 0 < Ry < 1, and hence

log S(b,q,m) < aRy + RS — glog Ry. (7.27)

(B-1) The subcase 8 < g/2.
e.g. (b,q,m) = (4,10,20), (4,12,24), (4, 14,28), (3, 19, 19), (3, 20, 20)

In this situation, we have Ry = 1 by (7.26). Since the sum [ contains at least one term
with » > 2, we obtain

B= Y (dr) ' =22 =2,
r€D,r>2
and since 8 < g/2, we obtain g > 5, which implies ¢, m > 5.
Assume g = 5. Then:
e If ¢ is odd, then b is also odd, and therefore every divisor r > 2 of ¥/ is at least 3.
Hence 8 > 331 =9, but since 8 < g/2, this would force g > 19, a contradiction.
e If ¢ is even, then ¢ > 10 since 5 | ¢, and we have ¢ = ¢/5 > 2.
Therefore, > 22'~1 > 23 =8 > 5/2 = ¢/2, again a contradiction.
Thus we must have g > 6 (and in fact g > 19 when ¢ is odd). Consequently, g, m > 6.
We have

a Al 1
8= Q@do) T gl =

and Ry = 1. Therefore, from (7.27) we obtain

1
9’

3 3 3
log S(b,q,m) < a+f < 55 < 1g9< m.
Substituting this into the right-hand side of (7.17), we obtain the following upper bound,
which we denote by G(b, q, m):

1 1
G(b,g,m) = log Co — 7m + <%+ 1) 10gb+glogq+ (m—q(b— 1) +§) logm,
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and

?G 1 b—-1)—-L 1 6B-1)-1
¢ 1 qb-D-5 1 668-D-35_
om? m m? m m?2
Thus G is convex in m. Since 6 < m < bg/2, the maximum of G over this range is

attained at one of the two endpoints.
Let Hy(b,q) = G(b,q,6), Hy(b,q) = G(b,q,bq/2), so that

G(b, q, m) < maX{H1(b, Q)a HQ(ba Q)}v

where
13 3 3
Hi(b,q) = —q(b—l)—l—; 10g6—§+10g00+410gb+§10gq,
0H, 4 4
et | < 61 =
% q0g6+b_ 60g6~|—3<0,
0OH, 3 3
—=(1-b)logb+ — < (1 —-3)logh+ — <0
9 (1—0)log +2q_( )log 6 + 5—= <0,
and
B bg 3 bg bg 1
HQ(b,q)—< Z+q+§)logb+( 5+q+2>10gq+(5 q §>log2
b
+logCo — 2,
—= == —2logb—41 —3+4log2+ — —
%% 8( og 0g q +4log2 + b) + 5%
<6 2log3 —4log6 — 3+ 41 2+8 + 5 <0
. 0g 0g 0g2+ 5 |+ 55 <0,
0H, b 1 1 5 2
—==(1—-|logb 1—=b|1 bl =log2 — = | —log2+ 1+ —
94 < 4) og —|—( 2)ogq—|— (2 0og 8> og 2+ +q

< <1—§1> log 3 + <1—%~3) 10g6+3<%10g2—§) —10g2+1+§ < 0.
Thus both H; and H, are strictly decreasing in b and ¢. Direct computation shows that
H,(3,6) <0,
H(3,6), Hy(3,7), Hy(3,8) > 0,
Hy(3,9), Hy(4,6) < 0.
Therefore, in the case |D,| > 2 and § < ¢/2, inequality (7.14) holds except for the

following pairs:
(b,q) =(3,6),(3,7),(3,8). (7.28)

(B-2) The subcase > g/2.

In this situation, we have Ry = 1/g/(28) by (7.26). Since D, contains at least two
elements not exceeding g, we have g > 2, and since b’ has at least two divisors, we also

have b’ > 2.
Let po be the smallest prime divisor of ¥ = b/dy = bg/m and write the prime factor-
ization of O as
V=py p (k>1, po<---<pr1, e >1).

Then
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Dy={r|1<r<g r|V}={r=plpl7|0<fi<e;, r<g}
Fixing fi,..., fr_1, consider the py-adic chain

L, pol, p3l, .., Pl (lzp{“--pik:f),

then every r € D, lies in exactly one such chain.
For § defined by (7.21), the ratio of two adjacent terms within the same chain corre-
sponding to r = pgol is

1..fo
fot1p)a'pfo -1 for1p\ 170t
(dopoo l)q Pg _ dopoo l (dopfOJrll)q/(pOil)ngl
(dopi)ora’ i1 dop{’l ’
— " (ol 7 o1
> pglfl(dopg)q/(pofl) _ dg’(prl)pg’pwl
2¢'—1 39’
> 2%072dg .
Let this final expression be denoted by A. In each chain, retain only the terms for which
2 < pgol < g, and omit empty chains. Let M; denote the largest summand corresponding
to the retained terms. Then the total contribution 3; of that chain satisfies

B < M,

A—1
Let 7(0') denote the number of divisors of ¥'. Then we have
T(b/) = (60 + 1) ce (ek_l + 1)

Moreover, it is well known that 7(0') < 2V
Let ¢ be the number of nonempty chains remaining after the above restriction. This
number is at most the number of divisors of ' that are not divisible by py. Hence

/ /
<O )
60+1 2

Therefore, if M denotes the largest value among the M;, then
A A

< — M, < MV ——.

5_Zﬁl<A_1; L < MV

Since M = (dyr)?"~! for some r € D,, and since every such r satisfies r < min{g,¥'} =
min{g, bg/m} = gmin{l,b/m}, we obtain

Fot
g = (Zg) et )
M < I q.b9 _q ’
, b\em q
(dob/)q .bﬁgil = (dO . d—o) = bﬁ*l (m Z b)
Thus,
A A b
ﬁ\/qu_l =11 Egmq_l (m <b)
B < - - : (7.29)
A ba_q A bg ,ba_4
I 1\/5bm =\, 0" (m >b)
— — m

and in (7.25), for 0 < R <1,
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log S(b,q,m) < Y (dor)”"'R" — glog R

reD,

< aR+ BR* - glogR,

where o and 8 are defined by (7.21).
We can put R = Ry = +/g/(25), and therefore

log S(b, q,m) < aRy + BR — glog Ry
2

= i—Fg<1+log—ﬁ>
g

28 " 2
- g g
=« ﬁ+§(1+log2+log6—logg). (7.30)

(B-2-1) The subcase m | g.
e.g. (b,q,m) = (4,2,2),(3,3,3),(3,4,4),(6,2,2),(3,5,5)

In this case, we have 2 < g = m < ¢, together with dy = m/g =1 and ¥/ = b/dy = b.
Then
A=2%"1gY =921 > 2
A 2
I T Rk

i e (B

{2\/_771’7_1 (m <b)

and by (7.29),

2Wobil (m>b)
Therefore, by (7.30), for m < b we have
log S(b, q, )<1+2(1+10g2+10g2\/_m‘1 ! logg>
:1+%<1+10g2+10g2\/5mq_1—logm)
m 1
:1+?(1+210g2+§logb+(q—2)logm),
and for m > b we have
logS(b,q,m)S1+%<1+10g2+10g2\/gb%_1—logg)

1+ %(1 +log2 + log 2v/b bt —10gm>

b 1
:14—E 1+ 2log2+ A2 logh —logm |.
2 m 2

Substituting these estimates into the right-hand side of (7.17) and denoting the resulting
quantity by G(b, g, m), we obtain
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m 3 1
G(b,q,m) = logCy — m + (5 + 1) log b + §logq+ (m —qb—-1)+ 5) logm

1
1+%(1+210g2+510gb+(q—2)1ogm) (m <b)

+ )
b 1
1+m(1+210g2+(—q——>logb—logm> (m > b)
2 m 2
and
q2b+m—2)—1 _ 2(2-3+2-2)—1
*G 2m? = 2m? >0 (m=d)
2 Y 2(b—1 —1_2-283=1)+2-1 '
om db—Dtm=1,23-D+2-1_ oy

2m 2m

Therefore, in both ranges m < b and m > b, GG is convex in m. Since 2 < m < ¢, we
need only evaluate G at m = 2 and m = ¢ when ¢ < b, and at m =2, m = b, and m = ¢
when ¢ > b.

Let

Hl(b> Q) = G(b7Q7 2)7 HZ(b7 Q) = G<b?Q7Q)> H3(ba Q) = G(67Q>b)

Then
max{H(b,q), Ha(b,q)} (g <b)

maX{Hl(b7Q)7H2(b7Q)>H3(baQ)} (qz b)

Since m = 2 always satisfies m < b, we have

2 3 1
Hi(b,q) =logCy— 2+ <§+1> logb+§logq+ <2—q(b— 1) —1—5) log 2

G(b,q,m) < {

2 1
+1+5(1+210g2+§logb+(q—2)log2)

5 5 3
= log Cy + (—bq+2q+§) log2+§logb+§logq,

o0H,; 5 5
—— = —qlog2+ — < —2log2 + —
% qlog +2b_ 0g +2_3<O,
3

—(3—=2)log2+—<0 (b=3)
0H, 3 ( 2.3
—— =—(b—-2)1log24+ — < .
a4 (b —2)log +5- S

—(4—2)10g2+%<0 (b> 4)

The last inequality holds because (b,q) # (3,2). Therefore, H; is decreasing in both b
and q.

For H,, we apply the monotonicity estimates separately in the ranges 2 < ¢ < b—1
and g > b.

When 2 < g < b—1, note that (b,q) # (3,2) implies b > 4, and when b = 4 the integer
q must be even, hence ¢ = 2. We have

1 3 1
Hy(b,q) =logCy+ 1+ (logZ— —)q—i— (—q+1> log b + (—bq+§q2+q+2) log q,

> 1
0H, (3 1 3 1
9% _ (2 oo 1og2) 4o

ab q(4b qu>+b_ <4-3 °g>+3<0’
OH, ¢ 3 1 2
92 (Cpgg4Dlogg—b+ L4 2logh+ = +1log2+ 2.
97 (=b+q+1)logg—b+ 7+ 7 logh+ 5 +log +q
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When (b, q) = (4,2),

0H, 2 3 1 2
—=(—4+2+1)log2 -4+ -+ -logd+ - +1log2+ =
9 (—44+2+1)log +otglogdt o +log2+ o
3
= S(log2— 1) <0, (7.31)
For b > 5, let h(q) = 0Hy/0q for each fixed b. Then
1 b—1 4
h'(q) ==+ +— > 0.
@ ¢ ¢ ¢

Hence h(q) is convex on 2 < g < b — 1. The values at the endpoints are

2 1 2
h(2)—(—b+2+1)10g2—b+§+§llogb+§+log2+§

= (—b+4)log2—b+§logb+§,

b—1 1 2
h(b—1)=(-b+b—1+1 )log(b—l)—b+—+§logb+ +log2 4 ——
2 4 2 b—1
3 2
:——b+—logb+log2+b_—1
Since logb < b—1 for b > 1,
3 5
h(2)<(—b+4)10g2—b+1(b—1)+§

—b+7T —5+7
= (=b+4)log?2 + 4+ < (=5+4)log2 + 4+

1
—log2—|—§<0.
Moreover,
d 1 3 2 1 3
—h(b—1 e
TR A Rl Tl e s - ST
EENI S
- 2 4.5 20

Hence h(b — 1) is decreasing for b > 5 and

1 3 2
h(5—1):—§~5—|—410g5+10g2+m

3
:—2+log2+zllog5<0.

Therefore, we have h(b—1) < 0 for b > 5.
Hence, both endpoint values are negative. Together with (7.31), we obtain

88_];2 <0 (b>4).
Thus, when q < b, H, is decreasing in both b and ¢ for admissible integer pairs. Hence
Hy(b,2) > Ho(b,3) > --- > Ho(b,b—1) (b>5, b:odd),
Hy(b,2) > Ho(b,4) > -+- > Ho(byb—2) (b>6, b:even),
Hy(4,2) > Hy(5,2) > Hy(6,2) > -+ (q=2),
Hy(q+2,q9) > Ha(qg+4,9) > Hy(¢+6,9) > -+ (¢ >3, ¢:odd),
Hy(q+1,q) = Ha(q+2,q) = Ha(q +3,9) = (¢ =4, q:even).
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When ¢ > b, we have

1 b 1 3
Hsy(b,q) =logCy+ 1+ <log2— —)q+ <—q+ —q+ 1) logb + <—bq+ §q+2> log q,

2 2 4
0H, ¢ 1 1 q 1 1
2 < 2(1ogq—21 1+ )+-<2(=1 1+ — ) 4=
ab —2(qu 8aF +Qb>+b_2 8Tt o) T3
4 7\ 1 8
< (—log4—|—6) §:—4log2+§<0 (g>4,3<b<q),
OH,
dq q

b 1 2
§+—> log b + <—b+g) logg—0+141og2+ —
b
2

2
+A—L) log b + <—b+g) logb—b+1+log2—|—g

I IA
TN TN TN N

b 7 2
—§+Z—l)logb—b+1+log2+5

( 3 7 2
= -5+ 7)log3-3+1+log2+ <0 (b=3)

b 7 2 .
< <_§+Z> 10gb—4—|—1—|—10g2+1<0 (b>4)

~~

Therefore, H, is decreasing in both b and ¢ for admissible integer pairs when ¢ > b. Hence
Hy(b,b) > Hy(b,b+ 1) > Ho(b,b+2) > --- (b>3, b:odd),
Hy(b,b) > Ha(b,b+2) > Ho(bb+4)>--- (b>4, b:even),
Hy(3,q) = Ha(4,9) = --- = Ha(q,q) (¢ =4, q: even),
Hy(3,q) > Ha(5,9) > --- > Ha(q,q) (¢>5, ¢:odd).

For Hs, we can assume ¢ > b and

o~~~

~~

1 b 3 3 3
Hs(b,q) =logCy+ 1+ (log2— §)b+ (—Eq + Zb+Q+§) log b + §logq,

OHy (3 1N o (1 1y 1. 3
- = = - — 0 - — — — 0 -
ob \a 27) PTG ) AT gy
3 1 1 1 1 3
<(Z2-Z. -z Z =2
< (4 5 4) logb—|—4<b 2) +4+10g2+2b
3 1 1 1 1 3
<(2-Z. -z - 2
_(4 5 4)10g3—|—4<3 2>+4—|—10g2+2.3

5 1
=log2—-logd3+-—<0 (¢>4, 3<b<q),

1 12
OH; b 3 3 3
— =(1-zlogb+ —<[|1—-2]1I — .
3 ( 2) og +2q_< 2> og3+2‘3<0

Therefore, Hj is decreasing in both b and ¢ for admissible integer pairs when ¢ > b.
Taking into account that ¢ must be even whenever b is even, direct computation gives

H1<37k) (3 <k< 13)7H1(47 2)7H1<474)7H1(47 6)7
H1(572)aHl(573)7H1(574)7H1(672)>Hl<7a 2)aH1(872) > 07
Hl<37 14)7H1(478)7H1(575)7H1<674>’Hl(77 3)7H1<97 2) < 07
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Hy(3,k) (3<k<T),Hy4,2),Hs(4,4), Hy(4,6),
Hy(5,2), Hy(5,3), Hy(5,4), Hy(5,5), Hy(6,2), Ho(7,2), Hy(8,2) > 0,
Hy(3,8), Ha(4,8), Ha(5,6), Ha(6,4), Ha(7,3), H2(9,2) <0,
Hy(3, k) (3 < k < 20), Hy(4,4), Hy(4,6), Hy(4,8), Hy(5,5) > 0,
Hy(3,21), Hy(4,10), Hy(5,6) < 0.
Therefore, in the case |D,| > 2, 8 > ¢/2, and m | g, the inequality (7.14) holds except for
the following pairs:
(b,q) = (3,k) 3<k<20), (4,k) (k=2,4,6,8), (5,k) (2<k <5H),
(6,2),(7,2),(8,2). (7.32)
(B-2-2) The subcase m 1 gq.
e.g. (byq,m) = (4,2,4),(6,2,6),(4,4,8),(8,2,4),(8,2,8)

In this case, since |D,| > 2, there exists an integer r € D, with 2 <r < gand r | V.

Moreover, since m { g, we have g = ged(m,q) < m, and since g | m, this implies
g < m/2. Therefore 2 < g < m/2, m > 4, and dy = m/g > 2. Furthermore, since
b=dyb > 2V and V/ > 2, we obtain b > 4.

Since D, contains such an r > 2, the sum in (7.21) contains at least one term with
r > 2, and hence

B= Y (dor)" "t > (2dg)* L
rEDyr>2
It follows that, in (7.30),

1/2 —af [ < 1\[2% 0+ g-dtig

e

_1 g 9 5
< (2d) 242 =] L ]L = < — ,
< (2do) \[2 \ 2m\/; 2y/m — 2ym (7.33)
Since
A= 22q/—1dg/ Z 22~1—1 . 21 — 47
by (7.29), we obtain
4 /b
5” 2 a1 (m < b)
B < \ ;” : (7.34)
2 Zem T (> b)
3V m
(i) The subcase m < b.
By (7.30), (7.33), and (7.34), we obtain the following estimate for m < b:
4 /b
log S(b,q,m) < @ + g (1 + log 2 + log 5“ Egmq_l — logg) . (7.35)

Since > ¢/2, it follows from (7.34) that the expression in parentheses is positive:

4 /b 4 /b
1+ log2+log = 29 a1 logg =1+ log - P log g
3V m 3V m 2

4 /b
zl—l—logg —gmq_l—logﬁzl—l—logﬁ—logﬂ:1>0.
m
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Therefore, applying the bound 2 < g < m/2 to (7.35), we obtain

4 /b
logS(b,q,m)g—m m 1+log2+log—\/—gmq’1—logg
4 4 3V m

Q‘

= @+%(1+310g2—10g3+ (logb —log g) + (q— g) 1ogm>
1
< @+%(1+310g2—10g3+ E(logb—log2) + (q— ;) logm)
vm

m 5) 3
=T Z( log2—10g3+ logb+(q—§)10gm)-

Substituting this into the right-hand side of (7.17) and denoting the resulting expression
by G(b,q, m), we obtain

3 1
G(b,q,m) = logCy —m + (%4— 1) logb + 5 logq + (m—q(b— 1)+§) log m

vm oom 5 1 3
—i—T—i—Z 1+§10g2 log3+§10gb+ -5 logm ),  (7.36)
and
0*G :2q+5+q(b—1)—%—%\/ﬁ> 2(b—1) — 3 — 1=V/b
om? 8m m2 - m2
VBV -F VARVI- ) -3
N m2 - m2 '
Thus G is convex in m. Since 4 < m < b, the maximum is attained at one of the boundary
points.

Setting Hy (b, q) == G(b,q,4) and Hy(b,q) = G(b,q,b), we obtain
G(ba q, m) S ma’X{Hl(ba Q)v H2(b7 Q)}
Substituting m = 4 into (7.36), we obtain

17 5 7 3
Hl(b,q)zlogCo—l—( 2bq + 4q + )log2—log3—§~|— logb + — logq,

0H, 7 7

— = —2qlog2+ — < —-2-2log2+ —

% qlog —|—2b_ og +2.4<0,

0H, 3 3
— = (—2b+4)log2+ —<(—2-4+4)]log2+ —
9 (—2b+4)log +2q (—2-4+4)log +22<O

Substituting m = b into (7.36), we obtain

b 3 ) b 3 ) 3
Hy(b,q) = logC’o+£ — b+ =blog2 — —-log3+ | —=bg + b+q+ log b
4 4 8 4 4
+310
5 g4,
OHy —3¢+5 3 1 5 1 3 1
= logh+ [ —= 1 2——1 3 —
ab i Og+(4+b) 8BTS T
—3-24+5 3 1 5t 1 1 3
< Tt g d (S 42 )24 2log2— ~log3 4+~ + — + —— <0
< 1 0g +(4+4) +80g 108 +2+2'4+8\/Z<’

OH, 3 3 3 3
9% (12 ) logh+ 2 < (1-24)loga+ -2 <.
dq ( 4)°g 2 ( 1 )Og N
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Thus, both H; and H, are decreasing with respect to both b and q.
Noting that ¢ must be even whenever b is even, we compute the values as follows:

Hy(4,2), H(5,2) > 0,
H(4,4), Hy(5,3), Hi(6,2) <0,

Hy(k,2) (4 <k <9)>0,

Hy(4,4), Hy(5,3), H(10,2) < 0.

Therefore, we have G(b, ¢, m) < 0 for all admissible (b, ¢, m), except when
(b,q) = (k,2) (4 <k <9).

(ii) The subcase m > b.
For m > b, we have the bound

m g 4 [bg ba_4
1 <X —4+Z1+1log2+log—4/=bm+ —1 ) )
og S(b,q,m) < 1 + 2( +log2 + og3 mb ogg) (7.37)

Since 3 > g/2, it follows from (7.34) that the expression in parentheses is positive:

4 /b ba 4 [bg. e
1+1log2+log -1/ — Tpm=1 _logg =1+ log = \/—gb%_l—logg
3V m 3 2
b
>1+log3\/ 2wt _og 8

>14logp —logB=1>0.
Therefore, applying the bound 2 < g < m/2 to (7.37), we obtain

log S(b,q,m) < @+%<1+10g2+10g3\/bgb_ 1ogg>

ﬂ

bg 1 1
_ @4_ %(1+310g2—10g3+ (_q — 5) logb — —(logm—l—logg))
§@+%(1+310g2—10g3+ >1Ogb__(logm—|—log2)>

5 bq 1
:@—1—@ 14 =log2 —log3 + logb — —logm |.
4 4 2 m 2

Substituting this into the right-hand side of (7.17) and denoting the resulting expression
by G(b,q, m), we obtain

3 1
G(b,q,m) = logCy — m + (%Jr 1) 10gb+§logq+ (m—q(b— 1)+§) logm

vm 5 bq
—i—T—i—Z 1—|—§log2 log 3 + prl log b §logm (7.38)
and
PG _ T qb-1)—f—pvm _ alb D=3 1%V %
om? 8m m?2 - m2
va(vab -1 - 5y/8) -5 va(vab-1) - §y/5) -
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1 5 1 5
_m<@—m)—§>\/§(@—m)—a_ E
B m?2 - m? ~ 8m? '

Thus G is convex in m. Since b < m < bg/2, the maximum is attained at one of the

boundary points.
Setting Hq(b, q) .= G(b,q,b) and Hs(b,q) = G(b, q,bq/2), we obtain

G(ba q, m) S maX{Hl(b7 q)a HQ(b7 Q)}
Substituting m = b into (7.38), we obtain

Hi(b,q) = logC’O—i-% — %b%—gblogZ— Zlog?)—l— (—%bq—l—gb—l—q%—g) logb—l-glogq,
80};1 = _3q4+5logb—|— (—%—i—%)q—f—%log?—ilog?ﬁ—%—i—%—l—%\ﬂ;
S#bgél%—(—Z%—i)-2+§10g2—}llog3+%+%+ﬁ<0,
%z(l—%b)logb—i—%g (1—%-4)10g4+%<0.
Substituting m = bg/2 into (7.38), we obtain
Hs(b,q) = 10gC’0+<gbq—q—%) log2—%qlog3—gbq+@
+(—b§q+q+g> 1ogb+(—1%bq+q+2) log g,
%:%(—QIOgb—Qlogq—S—i—1410g2—210g3—|—1—b6+\/;Eq>—i—;b
g%(—210g4—910g2—84—1410g2—210g3—|—?jL 4?—2>+%<0,

OH, b 2 16logb
—— = —| —2logb—15+14log2 — 2log 3 + {/+—
34 16( og + 14 log og3 + bq+ b )

2 9
+1—-log2+ -+ —-=b+1]logg
q 16

IN

4~2+ 4

4 5 16log4
1—6<—210g4—15+14log2—210g3 + Glog )

2 9
+1—log2+§+<—1—64+1>10g2<0

Thus, both H; and H, are decreasing with respect to both b and q.
Noting that ¢ must be even whenever b is even, we compute the values as follows:

Hi(k,2) (4<k<9)>0,

Hi(4,4), Hy(5,3), H,(10,2) < 0,

Hy(k,2) (4 < k <9), Hy(4,4), Hy(5,3) > 0,
H>(4,6), Hyo(5,4), Hy(7,3), Hx(10,2) < 0.

— e —

2
6

’
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Therefore, we have G(b, g, m) < 0 except for
(b,q) = (k,2) (4 <k <9),(4,4),(5,3).

Combining the results of (i) and (ii), when |D,| > 2, 8 > ¢/2, and m { ¢, the inequality
(7.14) holds for all pairs except the following:

(b,q) = (k,2) (4 < k <9),(4,4), (5,3). (7.39)

By combining all the five cases (7.23), (7.24), (7.28), (7.32), and (7.39), we have shown
that (7.14) holds for all pairs (b, q) except the following:

(3,k) (2<k<20), (4,2),(4,4),(4,6),(4,8),
(5,2),(5,3),(5,4),(5,5), (6,2),(7,2),(8,2),(9,2).

For each of these exceptional pairs, direct computation shows that there exists a per-
mutation y such that, with z = (1 2 ... n) fixed, the automorphism group is trivial; see
Table 3 and Table 4.

When (b, ¢) = (3, 2), the monodromy group G = (z,y) has order 120 and Cg, (G) = {1}.
For all remaining (b, q) pairs, the group (z,y) is equal to S, or A,. Since Cg, (S,) =
Cs, (An) = {1}, the automorphism group is trivial for each such pair (z,y).

Thus, we conclude that every passport [n,b?,n] of genus > 2 with b > 3 and ¢ > 2
admits at least one dessin with a trivial automorphism group.

O

To find elements y such that (x,y) = S, or A, for x = (1 2 ... n), we applied
Theorem 7.4, as in the case of b = 2.

For a permutation y of cycle type (b7), assume that G = (z,y) has no blocks with
respect to any residue class of a divisor m of n = bq with 2 < m < n, and that G contains
an element w that is a p,-cycle for a prime p, < n — 3. Then G = S,, when n is even,
and G = A,, when n is odd.

Examples of y and w obtained by computation are listed in Table 3 and Table 4. Using
the same procedure as for Table 2, we completed these tables by generating random
permutations y of cycle type (b?) such that zy was an n-cycle and searching for an element
w satisfying the required conditions among the elements of (z,y).

When (b, q) = (3,2), the monodromy group never becomes Sg. Instead, it can be a
group of order 120, in which case the automorphism group is trivial. A dessin realizing
this case is shown in Figure 9. This is the same dessin as the one shown in the lower right
of Figure 5 in Section 1.3.

x=(123456),y=(124356)
|G| =120, AutD = {1}

FIGURE 9. A dessin with trivial automorphism group having passport [6, 32, 6]
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]
bl g G [ w(z,y) [ Dw [ w
(124)(356)
°| 2 [1GT=120 | ]
3] 3 (124)(368)(597)
Ag [ ryryxy” [ 5 [ (14952)
3] 4 (11011)(24 7)(359)(6 12 8)
S12 [ yryriyryr” [ 7 [ (191011124 3)
5| s (136)(2108)(479)(5 11 15)(12 13 14)
Ais [ 2 yryixiy e [ 11 [ (184691013152 1214)
5| 6 (11310)(274)(3169)(5 15 11)(6 14 17)(8 12 18)
S1s [ 2ryryriy’c® [ 13 [ (1674291114516 17 15 12)
3| 7 (11316)(267)(345)(82018)(91921)(101217)(11 14 15)
An [ aytaya®y  [17[ (1217101318 1281521 14 11 6 20 9 16 3)
3| s (11722)(2824)(31523)(4620)(5 12 18)(7 21 9)(10 14 16)(11 19 13)
Spa [ wyxya®yPoyryx [19 [ (218231920178 76 159 11 5 22 10 21 13 3 24)
3| o (12624)(2922)(31715)(4 12 27)(5 20 8)(6 21 19)(7 13 10)(11 18 14)(16 23 25)
Ay | afyaPyx®y  [17](2103722131191915412202485 14)
3| 10 (11330)(2829)(357)(42812)(621 14)(9 19 24)(10 22 23)(11 16 26)(15 27 20)(17 18 25)
Szo | ya®yPwya®y’c [23 [ (1105182027 4289243011 1312261629 217 2217 15 8)
3111 (12412)(22732)(32031)(42926)(519 14)(6 33 10)(7 15 11)(8 21 22)(9 18 28)(13 16 23)(17 25 30)
Ass | @*y%a”ya®y’x [29[(161323172917332528325 11 1424816 26 10 27 320 30 9 23 22 15 19)
3|19 (11512)(22925)(3 17 18)(4 26 35)(5 16 13)(6 34 8)(7 30 27)(9 31 14)(10 24 33)(11 20 23)(19 21 36)(22 28 32)
Sse | Tyryr’y’ [31 [(127241041952931625172320222811367211821326393430351216)
3|13 832(;;83)8()2 125)(31115)(43031)(6 21 13)(7 19 14)(8 32 34)(9 17 25)(10 37 29) (16 24 33)(20 27 35)(22 28 39)
Azo | xy’a®ya®y’z [31[(134291219324718211538143911251020242662852236321613358)
3| 14 (14122)(2404)(316 33)(5 31 10)(6 35 21)(7 36 13)(8 30 12)(9 20 15)(11 24 17)(14 23 37)(18 25 42)(19 39 26)
(27 28 29)(32 34 38)
Sa2 xy’ryr®y’r®y | 37 ] (229373928249262112411331738201032365 40353316623 14 4 27 22
4219 25 8 11 15 3)
3| 15 (1405)(2296)(3199)(42127)(726 45)(8 28 34)(10 16 33)(11 23 41)(12 20 25)(13 37 24)(14 15 18) (17 38 42)
(22 35 30)(31 32 36)(39 43 44)
Aus ity a? 41 [ (141233016422633375632351425117436338939203115438224445
34 28 13 10 21 24 19 29 17 40)
3| 16 (1414)(23320)(3822)(52446)(6 36 32)(7 47 16)(9 27 41)(10 34 30) (11 12 23)(13 45 37)(15 48 35) (17 43 26)
(18 39 28)(19 44 42)(21 38 29)(25 40 31)
Sas yryzy ryryry x | 43 | (1214174823403393344753720101926326 3128182948432 134445
17 30 24 22 38 14 12 16 25 15 27 42)
3| 17 (14023)(2329)(3 24 22)(4 46 34)(5 31 11)(6 12 18)(7 51 39)(8 33 16)(10 21 29)(13 30 41)(14 25 19)(15 50 17)
(20 43 47)(26 27 36)(28 42 48)(35 38 49)(37 44 45)
Ay ry’riyryzyr | 47 | (1134530514923 50 15276 3428 18 293624 43 31 1946 3840 14 3733 747 17
2141222625208 251612 11 10 9 39 35 44 48)
3| 18 (1428)(22023)(32511)(542 54)(6 7 38)(8 45 47)(9 34 21)(10 52 40)(12 32 29)(13 37 35) (14 26 27)(15 44 17)
(16 51 22)(18 19 43)(24 53 36)(30 41 50)(31 33 48)(39 46 49)
Ssa yry’ry’oy’ry | 47 | (148532473171321393653422918413427516528 1135437232216 44
2 45 50 49 28 26 12 24 25 15 40 19 9 31 33 10 20)
3| 19 (13350)(22034)(3 36 19)(4 56 25)(5 32 38)(6 22 30)(7 15 57)(8 53 41)(9 12 47)(10 39 14)(11 55 52) (13 26 45)
(16 43 28)(17 44 24)(18 49 37)(21 27 29) (23 42 40)(31 35 46)(48 54 51)
Asz oy yry’ 53 | (1445443405347385514194556263 171536251 103531 1322372550 18
42 33 7 8 16 48 46 20 11 34 41 28 24 52 9 23 29 30 12 27 49 56 21)
3| 20 (1635)(2817)(3 46 54)(4 14 29)(5 50 48)(7 51 52)(9 28 26)(10 55 56) (11 34 59)(12 24 36)(13 57 37)(15 42 19)
(16 23 60)(18 21 31)(20 22 45)(25 53 33)(27 32 39)(30 49 40)(38 47 41)(43 44 58)
S60 yry’zyry’ry | 53 | (14145234471213248392945 11954556 57 624 60 30 21 37 18 44 33 22 38
46 36 23 59 20 32 8 55 40 15 51 42 49 17 16 19 53 43 28 35 26 50 31)
4l o [(1627)(3485)
Ss [ v oy’ [ 3 ]@B75)
4| 4 [(14815)(231016)(5 147 12)(6 13 11 9)
Sie | YTy [13[ (213481416127 103 11 9 15)
46 (120116)(2241513)(3231822)(4 1778)(510 16 14)(9 19 12 21)
Sea | Z*yfa™ya® [19](238519242341511 91816 621 17 13 22 10)
4l s (1298 28)([2 1526 14)(3 329 13)(4 22 31 18)(5 276 24)(7 17 19 12)(10 25 30 20)(11 23 21 16)

2y Y’z [ 29 [ (1302113241832231211271545328620172291029219312587)

TABLE 3. Elements y such that Aut 2 = {1} forb=3,4 (x=(12 ... n))
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Y
ble G [ w(z,y) [pw[w

(121085)(37496)

510[ yxyx [7[(1397865)
)

(1111258)(29 103 4)(6 14 7 13 15)
1

Ais | yP2®y’z |11 [ (2514387131046 11)

(18216 13)(319 17 10 20)(4 11 15 7 12)(5 6 9 14 18)
Sa0 | wya®y’r [ 17 (1206254141019 1817 167 8 13 3 15)

(18192421)(21371217)(36 184 9)(5 1522 25 11)(10 16 23 20 14)

Ags [ wy?ay’ey®ey® [ 17 [ (12110251516 18823 11725 20 9 24 6)

(1957106)(234 128 11)

S12 [ yrtyx [ 3 [ (45 10)

(141411126 9)(210385 13 7)

S| yfay’z [ 11][(11187125394132)

(1144911158 13)(27105 16 12 3 6)

Sie | ya®y® |13 (2745131512 11610 16 9 8)

(1103159521217)(411 131816 14 7 8 6)

Sig | @’ya’y’a’yx [13 [ (1641213141589 10115 3)

TABLE 4. Elements y such that Aut 2 = {1} forb>5(x=(12 ... n))

7.5. Passports [n, b7, n]

Combining the results of this section, we obtain the following theorem.

Theorem 7.6. If a uniform passport [n,b%,n] (¢ > 1) has genus at least 2, then it admits
a dessin d’enfant with a trivial automorphism group.
The same statement holds for the passports [b,n,n] and [n,n, b?].

Proof. Since the automorphism group is symmetric with respect to black vertices, white
vertices, and faces, it suffices to prove the statement for the passport [n,b?, n| (n = bq).
By (2.5), the genus is

n—(1+q+1)+1:n—q:q(b—1) >o
2 2 2

Therefore, we have b > 2.
The case b =n (¢ = 1) was proved in Proposition 7.1.
The case b = 2 was proved in Proposition 7.3.
The case 3 < b < n (¢ > 2) was proved in Proposition 7.5. O
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